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In this paper, the spatial, temporal and spatiotemporal dynamics of a reaction—diffusion predator—prey
system with mutual interference described by the Crowley—Martin-type functional response, under homo-
geneous Neumann boundary conditions, are studied. Preliminary analysis on the local asymptotic stabil-
ity and Hopf bifurcation of the spatially homogeneous model based on ordinary differential equations is
presented. For the reaction—diffusion model, firstly the invariance, uniform persistence and global asymp-
totic stability of the coexistence equilibrium are discussed. Then it is shown that Turing (diffusion-driven)
instability occurs, which induces spatial inhomogeneous patterns. Next it is proved that the model exhibits
Hopf bifurcation which produces temporal inhomogeneous patterns. Furthermore, at the points where the
Turing instability curve and Hopf bifurcation curve intersect, it is demonstrated that the model undergoes
Turing—Hopf bifurcation and exhibits spatiotemporal patterns. Finally, the existence and non-existence
of positive non-constant steady states of the reaction—diffusion model are established. Numerical simula-
tions are presented to verify and illustrate the theoretical results.

Keywords: diffusive predator—prey model; mutual interference; Turing instability; Hopf bifurcation;
Turing—Hopf bifurcation; positive non-constant steady states.

1. Introduction

A functional response of predators to their prey density refers to the change in the density of the
prey attached per unit time per predator as the prey density changes. The most widely used functional
response function, proposed by Holling (1965) and called Holling type II or Michaelis—Menten type,
describes the average feeding rate of a predator when the predator spends some time searching for prey
and some time processing the captured prey (that is, handling time, Cosner et al., 1999) and takes the
form

mu

1 +au’

pu) = (1.1
where u represents the density of the prey population, and the positive constants  (units: 1/times) and
a (units: 1/prey) describe the effects of capture rate and handling time, respectively, on the feeding rate.
Note that the Holling type II function is prey-dependent and is not affected by the abundance of the
predator population (Jost, 2000).

(© The authors 2015. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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The derivation of the Holling type II function (1.1) was based on the assumption that predators do not
interference with one another’s activities (Holling, 1965; Cosner et al., 1999), so the only competition
among predators occurs in the depletion of prey. To describe mutual interference among predators,
Beddington (1975) and DeAngelis et al. (1975) proposed that individuals from a population of more
than two predators not only allocate time in searching for and processing their prey but also take time
in encountering with other predators. This results in the so-called Beddington—DeAngelis functional
response (Cantrell & Cosner, 2001; Zhang et al., 2012)

mu

—, 1.2
1+ au + by (1.2

p(u,v) =
where v denotes the density of the predators and the parameter b (units: 1/predator) describes the mag-
nitude of interference among predators. Note that when b =0, the Beddington—DeAngelis functional
response reduces to the Holling type II function (1.1).

In the Beddington—DeAngelis functional response, interference and handling are assumed to be
exclusive. Subsequently, Crowley & Martin (1989) assumed that interference among predators occurs
no matter if a particular predator is searching for prey or handling prey and proposed a functional
response of the form

mu mu

1+ au+bv +abuv (1 +aw)(1 +bv)’

pu,v) = (1.3)
which is called the Crowley—Martin-type functional response in the literature (Skalski & Gilliam, 2001).
It is assumed that the predator feeding rate decreases by higher predator density even when prey density
is high, and therefore the effects of predator interference in the feeding rate remain important all the
time whether an individual predator is handling or searching for a prey at a given time. Note that if
b =0, then Crowley—Martin-type functional response (1.3) also reduces to Holling type II functional
response (1.2).

Though the Crowley—Martin functional response is similar to the Beddington—-DeAngelis functional
response but it has an extra term abuv in the denominator which may induce different dynamical prop-
erties. Moreover, in fitting different types of predator—prey data sets Skalski & Gilliam (2001) observed
that the Beddington—DeAngelis functional response fits better for some data sets, while the Crowley—
Martin functional response fits better for some others. Based on these observations, they suggested use
of the Beddington—-DeAngelis functional response when the predator feeding rate becomes indepen-
dent of the predator density at high prey density and the Crowley—Martin functional response when the
predator feeding rate is decreased by higher predator density even when the prey density is high.

In the monograph of May (1973), the following model was proposed (see also Tanner, 1975):

du u muy
—:ru(l——)— ,
dt K 1+ au

dv v

— =5V (1 — —) ,

dr hu
where u and v represent prey and predator densities and r and s denote their intrinsic growth rates,
respectively; K is the carrying capacity of the prey’s environment, while the carrying capacity of the
predator’s environment, u/h, is a function on the prey population size (4 is a measure of the food quality
of the prey for conversion into predator growth depending on the density of the prey population). The
saturating predator functional response is of Holling type II. The form of the predator equation in system
(1.4) was first introduced by Leslie (1948). The term (v/yu) (y = h/s)is called the Leslie-Gower term

(1.4)
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(Leslie & Gower, 1960). The Leslie-Gower-type predator—prey model with Holling type II functional
response is also called the Holling—Tanner model (May, 1973; Murray, 1989). Caughley (1976) used
this system to model the biological control of the prickly-pear cactus by the moth Cactoblastis cactorum.
Wollkind et al. (1988) employed this model to study the temperature-mediated stability of the predator—
prey mite interaction between Metaseiulus occidentalis and the phytophagous spider mite Tetranychus
mcdanieli on apple trees. Collings (1997) further suggested that the Holling type II functional response
in system (1.4) can be replaced by other functions, such as the Holling types III and IV functions.
Predator—prey models of Leslie-Gower type with generalized Holling type III and Holling type IV
functions were studied by Hsu & Huang (1995), Huang et al. (2014) and Li & Xiao (2007), respectively.
See also Freedman & Mathsen (1993).

Following Skalski & Gilliam (2001) and Collings (1997), when the predator feeding rate is
decreased by higher predator density even when prey density is high, it is more reasonable to con-
sider a Leslie—-Gower-type predator—prey model with Crowley—Martin functional response describing
the predator mutual interference, which takes the form

du u muy

CPY RS B

dt K (1 4+ aw)(1 + bv) (1.5)
& w(i-2) |
dr hu/’

where the parameters r, K, a, b, h, m and s have the same meanings as introduced above.

On the other hand, in the evolutionary process of population species, individuals do not remain
fixed in space and their spatial distributions change continuously due to the impact of many factors
(environment, food supplies, season, etc.). Therefore, different spatial effects have been introduced into
population models, such as diffusion and dispersal (Cantrell & Cosner, 2003). To study the spatiotempo-
ral dynamics of the predator—prey model, we consider the following partial differential equation model
under homogeneous Neumann boundary conditions

ou u muy
——dlAu:ru(l——>——, xe 82, t>0,

Jt K (1 + au)(1 + bv)

0

—V—dzAv=sv(1—L), xef2, t>0,

ot hu (1.6)
du ov

—=—=0, xe€08,t>0,

v dv

u(x,0) =up(x) >0, v(x,0) =vo(x) 20, xes2.

Here, u(x,t) and v(x, ) stand for the densities of the prey and predators at location x € £2 and time f,
respectively; £2 C RN (N <3) is a bounded domain with smooth boundary 962; v is the outward unit
normal vector of the boundary 9£2. The homogeneous Neumann boundary conditions indicate that
the predator—prey system is self-contained with zero population flux across the boundary. The positive
constants d; and d, are diffusion coefficients, and the initial data up(x) and vy(x) are non-negative
continuous functions.

Spatial, temporal and spatiotemporal patterns could occur in the reaction—diffusion model (1.6) via
four possible mechanisms: Turing instability, Hopf bifurcation, Turing—Hopf bifurcation and positive
non-constant steady states.
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(a) Spatial inhomogeneous patterns via Turing instability. In his seminal work, Turing (1952)
investigated reaction—diffusion equations of two chemicals and found that diffusion could destabilize
an otherwise stable steady state. This mechanism leads to non-uniform spatial patterns which could
then generate biological patterns by gene activation. This kind of instability is usually called Turing
instability (Murray, 1989) or diffusion-driven instability (Okubo, 1980). Segel & Jackson (1972) was
the first to show that Turing instability may occur in ecological systems; more precisely, they proved
that the uniform steady state of a diffusive predator—prey model could be unstable if the predators
exhibit self-limiting or intraspecific competition. See also Levin (1974) for a similar model and conclu-
sion. Thus classical prey-dependent diffusive predator—prey models cannot give rise to spatial structures
through diffusion-driven instability. Segel & Levin (1976) used a combination of successive approxi-
mation and multiple-time scale theory to develop the small amplitude non-linear theory for the diffu-
sive predator—prey model considered in Segel & Jackson (1972), and showed that a new non-uniform
steady state would be attained following destabilization of the spatially uniform steady state. Levin &
Segel (1976) pointed out that Turing instabilities might explain the instance of spatial irregularity in
the observed patchy distribution of plankton in the ocean. Wollkind et al. (1991) showed that Turing
instability occurs in a diffusive Leslie-Gower-type predator—prey model with a Holling type II function
or Holling—Tanner model, that is, the reaction—diffusion equation version of system (1.4). Thus, the
self-limiting or intraspecific competition effect of the predators can be relaxed if the carrying capac-
ity of predator’s environment is described by a Leslie-Gower term. Alonson et al. (2002) demonstrated
that predator-dependent diffusive predator—prey models, such as the diffusive predator—prey model with
ratio-dependent functional response function, can also generate patchiness in a homogeneous environ-
ment via Turing instability. For reviews and related work on Turing instability and Turing pattern forma-
tion of reaction—diffusion systems from applied sciences, we refer the reader to Levin & Segel (1985),
Malchow et al. (2008) and references cited therein.

(b) Temporal periodic patterns via Hopf bifurcation. The Hopf bifurcation theorem gives a set of
sufficient conditions to ensure that an autonomous differential equation with a parameter exhibits non-
trivial time-periodic solutions for certain values of the parameter. Ruan et al. (1998) studied Hopf bifur-
cation in a diffusive predator—prey model; see recent studies in Li et al. (2013) and Yi et al. (2009)
on other predator—prey models. Thus, diffusive predator—prey models with suitable functional response
can generate temporal periodic patterns via Hopf bifurcation.

(c) Spatiotemporal patterns via Turing—Hopf bifurcation. For a given reaction—diffusion system,
when the Hopf bifurcation curve and Turing bifurcation curve intersect, at the codimension-2 bifurcation
point a new bifurcation, called Turing—Hopf bifurcation, occurs and generates spatiotemporal pat-
terns. The interaction of Turing and Hopf bifurcations in chemical and physical systems has
been observed and analysed since the early 1990s (see Rovinsky & Menzinger, 1992; Meixner,
1997; Wit et al., 1996). Recently, for a generalized predator—prey model on a spatial domain.
Baurmanna et al. (2007) derived conditions for the existence of codimension-2 Turing—Hopf and
codimension-3 Turing—-Takens—Bogdanov bifurcation which give rise complex pattern formation
processes.

(d) Spatial patterns via positive non-constant steady states. For reaction—diffusion systems, another
possible mechanism that can produce spatial patterns is the existence of positive non-constant steady
states. Du & Hsu (2004) considered a diffusive Leslie-Gower predator—prey model and showed that
positive steady-state solutions with certain prescribed spatial patterns can be obtained if the coefficient
functions are chosen suitably. Pang & Wang (2003) studied a diffusive Holling—Tanner predator—prey
model and obtained the existence and non-existence of positive non-constant steady states. See also Ryu
& Ahn (2005), Zhang et al. (2011) and the references cited therein.
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The goal of this article is to show that the diffusive predator—prey model (1.6) exhibits various
spatial, temporal and spatiotemporal patterns via the above-mentioned four mechanisms. For the sake
of simplicity, by applying the following scaling:

Kh d d
rt—t, Er—>u, Lr—>v, man — m, aK — a, bKh+ b, fr—>s, —lr—>d1, —2r—>d2,
K Kh r r 1 1

system (1.6) can be simplified as follows:
ou muy
— —diAu=u(l —uy) — ———, x€82,1>0,
ot (1 4+ au)(1 + bv)
av %
— —dr Av=1sV (1 — 7>, xe 82, t>0,
ot u (L.7)
0 0
—Mz—v:O, x€082, t>0,
v dv

ux,0) =uo(x) 20, v(x,0) =vo(x) 20, xes.

The rest of this paper is organized as follows. In Section 2, we investigate the asymptotical behaviour
of the interior equilibrium and occurrence of Hopf bifurcation of the local system (the ODE model)
of (1.7). In Section 3, we firstly discuss the invariance, uniform persistence and global asymptotic
stability of the coexistence equilibrium for reaction—diffusion system (1.7). Then we consider the Turing
(diffusion-driven) instability of the coexistence equilibrium for the reaction—diffusion system (1.7) when
the spatial domain is a bounded interval, which will produce spatial inhomogeneous patterns. Thirdly,
we study the existence and direction of Hopf bifurcation and the stability of the bifurcating periodic
solution, which is a spatially homogeneous periodic solution of the reaction—diffusion system (1.7) and
exhibits temporal periodic patterns. Next we investigate the interaction of the Turing instability and
Hopf bifurcation, that is, the existence of Turing—Hopf bifurcation in the reaction—diffusion system
(1.7) which will demonstrate spatiotemporal patterns. Numerical simulations are presented to verify the
theoretical results. In Section 4, we establish the existence and non-existence of positive non-constant
steady states of reaction—diffusion system (1.7). We end our study with some discussions in Section 5.

2. Stability and Hopf bifurcation of the local system

For the sake of completeness, we first consider the dynamics of the spatially homogeneous model of the
diffusive predator—prey system (1.7), based on the following ordinary differential equations:

du muy

o = e T oy

dv (1 V)
—=sv(l—=).
dt u
We can see that system (2.1) has a boundary equilibrium point e; = (1,0). Since u(f) and v(¢)

represent population densities, we are interested in the existence of an interior equilibrium e* = (u*, v*)
(i.e. u* > 0, v* > 0), where u* and v* are positive solutions of the following algebraic equations:

2.1

— m —0 and L~ =—1.
(1 + au*)(1 + bv*) u*

*

1—u
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Thus, system (2.1) has a unique positive equilibrium («*, v*) if and only if the cubic equation
ab’ + (@ +b—ab)yi*> +(m+1—a—bu—1=0 (2.2)

has a unique positive root. In fact, if @ 4+ b > ab, then (2.2) has a unique positive root u*, by Cardan’s
formula, given by

u*=</q+ q2+(n—p2)3+</q— V@ + (n=p>) +p,
where

_m+1—a—b _ab—a—b _ 3_}_(a—l—b—ab)(m—i—1—a—b)—|—3ab
T 3w PT T a3 TP 6a2b? '

n

Note that (u*,v*) is also a constant steady-state solution of the diffusive system (1.7) under the
Neumann boundary conditions. From the viewpoint of ecology, the asymptotic properties of the positive
equilibrium are interesting and important.

A straight calculation yields that the Jacobian matrix of system (2.1) at (u*, v*) is

Ji= (s: fs> , (2.3)

N amu’™ 1 d mu*
= — an O = — .
O\ U F a2 (1 + bur) (0 + au)(1 + bu)?

where

The characteristic polynomial is

POV =22 —Or+ A,
where ® :=s7 — s and

sulm+ (1 + au®)2(1 + bu*)? — abmu*?)
(1 + au")2(1 + bu*)? '

A:=—s5(sg+0)=

Thus, we have the following conclusions.
PRrROPOSITION 2.1 Assume that a + b > ab.

(1) Ifs > spand
H) m+ (1 +au™)?( + bu*)? > abmu*?,

then the positive equilibrium (#*, v*) is locally asymptotically stable.
(i) If (H;) and
(Hy)  amu* > (1 + au™)*(1 + bu*)

are satisfied, then the positive equilibrium (#*, v*) is unstable when s < sp.
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(iii) If
Hy) m+ (1 +au™)>( + bu*)? < abmu™>,

then the positive equilibrium (u*, v*) is a saddle point.

REMARK 2.2 In case (i), 5o is permitted to be positive or negative. If sy < 0, that is,
amu* < (1 + au*)*(1 + bu*), 2.4)

then we have

abmu*? < (1 + au™)*>(1 + bu™)bu* < (1 + au®)*>(1 + bu™)? + m, (2.5)

which indicates that (H;) holds. For case (ii), so must be positive. Moreover, we can see that conditions
(H;) and (H) can hold simultaneously. Furthermore, from (2.4), (2.5) and (H3), we know that s¢ is
positive in case (iii).

In the following, we analyse the existence of Hopf bifurcation at the interior equilibrium (u*, v*)
by choosing s as the bifurcation parameter. In fact, s can be regarded as the intrinsic growth rate of
predators and plays an important role in determining the stability of the interior equilibrium and the
existence of Hopf bifurcation.

Assume that (H;) and (H,) hold, which guarantee that so >0 and A > 0. Define p = JA. We
can see that the Jacobian matrix of system (2.1) has a pair of purely imaginary eigenvalues A = %ip
when s = 5. Therefore, according to Poincaré—Andronov—Hopf Bifurcation Theorem, system (2.1) has
a small amplitude non-constant periodic solution bifurcated from the interior equilibrium (x*, v*) when
r crosses through s if the transversality condition is satisfied.

Let L(s) = a(s) £1B(s) be a pair of complex roots of P(1) =0 when s is near so. Then we have
a(s) = %(SQ —s)and B(s) = %\/ —4s0 — (59 + s)2. Hence, a(s9) =0 and o' (so) = —% < 0. This shows
that the transversality condition holds. Thus (2.1) undergoes a Hopf bifurcation about (u*, v*) as s passes
through the sg.

To understand the detailed property of the Hopf bifurcation, we need a further analysis of the nor-
mal form. We translate the interior equilibrium (u#*, v*) to the origin by the transformation u = u — u*,
v =v — v*. For the sake of convenience, we still denote # and v by u and v, respectively. Thus, the local
system (2.1) is transformed into

du o e m(u + u*) (v + v¥)
dt—(u~|—u) (u + u*) A+ atu+ )1+ b+ %)’ 06
dv_(+*)(1_v+v*> .
a Ty u+ut )’
Rewrite system (2.6) as
%
de | u fu,v,s)
dv =/ (V) + (g(u, v, S)> ’ @7
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where
fu,v,s)= a1u2 + aruv + a3u3 + a4u2v 4+,
g(u,v,s) = b + byuv + byv? + byt + bsu*v + beuv* + - - -
and
- amu’* m
ay=— , ay=— ,
! I+ a3 +bur)’ 7 (1 +auw)2(1 + bu*)?
a’mu* am
az = — 5 as = 5
(1 + au®)*(1 + bu*) (1 4+ au*)3(1 + bu*)?
b_s _2s s b_s be — 2s b_s
1= M*, Z—M*’ 3= M*’ 4_1/{*2’ 5= I/t*z’ 6_1/!*2.
Set the matrix
N 1
Pi= (M 0) ’
where M = —s/8 and N = —(so + s)/2. It is easy to obtain that
P*IJPZ 1)) — Ol(S) —,B(S) )
© <ﬁ(s) a(s)
When s = s, we have
S0 S0
My:=M|s—gy=——, No:=Nl|smyy=——, Bo:=pB(s0)=1/—50(s0+0). (2.8)
Bo Bo
By the transformation (u,v) " = P(x,y) ", system (2.7) becomes
dx
dr x ey,
=P(s + s 2.9
dy () (y) (gl(x, ¥, $) 29)
dr

and
, 1
f 8= Mg(Nx + v, Mx, s)

= sz e Nby+Mbs ) 2+ (N b Lo
= Ml ) 3] X Ml 2 | Xy My

N? ) ;  [3N? )
+ ﬁbél"‘N bs + NMbg | x° + 7b4+2Nb5+Mb6 X7y

3N by
bs+b 2 LAV T
+(M 4+ 5>xy +My+
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] N
g (x,y,8)=f(Nx+y Mx,s) — Mg(Nx + v, Mx, s)
N3
= <N2a1 + NMa, — ﬁbl — N°b, — NMb3> X
2N? N
+ <2Na1 + Ma, — Wbl — Nb2> xy + (a1 — Mbl) y?
3 2 N* 3 2 3
+ ( N°as + N“May — ﬁb“ — N°bs — N“Mbg | x
2 3N? 2 2
+ | 3N“a3z + 2NMay — ﬁb4 — 2N“bs — NMbg | x
3N? N
+ <3Na3 + May — Vbé; — Nb5> xy2 + <a3 - Mb4> y3 + e

Rewrite (2.9) in the following polar coordinate form:

t=a()r +a(s) +---,

. (2.10)
=BT +c()T>+--,
then the Taylor expansion of (2.10) at s = s yields
=o' (50) (s — 50)T + a(s0)T> + o((s — 50)°7, (s — 50)7°, T°), o

0 = B()T + B'(50)(s — 50) + c(50)T* + 0((s — 50)%, (s — s0) T2, ).

In order to determine the stability of the Hopf bifurcation periodic solution, we need to calculate the
sign of the coefficient a(sg), which is given by

1
a(s0) = T¢ (e iy + 8y + 8yp) + @[f (1) — 8a(8ae T &) — fr& + S8l

where all partial derivatives are evaluated at the bifurcation point (x, y, s) = (0, 0, so) and

N3
fxlxx(oa 05 SQ) = 6 (0b4 +Ngb5 +NOM()b6> N

fm(O 0 S())— <b4+b5>
3N,
21,(0,0,50) = (3N0a3 + 2NoMoas — Viu 2Nybs — NoMob6> :

£3,,(0,0,50) =6 <A30 - b4>

NZ
£L0,0,50) =2 ﬁoh + Noby + M0193> ,
0
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f2(0,0,50) = %bl + by, f(0,0,50) = ibl,
Xy MO yy MO

N3
2! (0,0,50) =2 (Néal + NoMoas — ﬁobl — Ngby — NoMobs) ,
)

1 ZNS
8,(0,0,50) =2Noa) + Moa, — ——b1 — Noba,
. My
No
1
gyy(()7 O? SO) = 2 (al - Alobl> .

Noting that Ny, My and By are defined by (2.8) and Ny = My, b| = b3, bs = —2bg, by = —2b;, we find
that £,1.(0,0, 50) =£,1,(0,0,59) = 0. Thus, we can calculate that
1 2
a(so) = §[3a3 — 2bs + Ny(3az + 2a4)]

1 <2b1(01 —by)

+ 5o No — NoQa; + ax)[(a) + a2)N; + ar — bl]) .

Furthermore, from (2.8), we have

a(sp) = — c a + % a 25 — 0 aa—Lab
T Ao+ 02 T80 +0)2 Y 8o+ o) T Asolso+o)
+ by + g %0 Ly 2.12)
—a — az — as — —be. .
8(so +0) 2 4sg ' 8(so + o) ’ 4(so + o) R
Thus, we obtain p, = —4%) By Poincaré—Andronov—Hopf Bifurcation Theorem, we have the follow-

. a’(s0) *
ing result.

THEOREM 2.3 Assume that a + b > ab, (H;) and (H,) hold. Then system (2.1) undergoes a Hopf bifur-
cation at the interior equilibrium («*, v*) when s = s¢. Furthermore,

(i) a(sp) determines the stability of the bifurcated periodic solutions: if a(sg) < O(> 0); then the
bifurcating periodic solutions are stable (unstable);

(i) w, determines the directions of Hopf bifurcation: if u, > 0(< 0), then the Hopf bifurcation is
supercritical (subcritical).

ExamPLE 2.4 Now we give some numerical simulations for the following particular case of system
(2.1) with fixed parameters a = 3, b= 0.1 and m = 5. We choose s as the bifurcation parameter.

du Suv

—=u(l —u) — R

dt (1 4+3u)(1+0.1v)

dv . V (2.13)
a =S5V (1 —_ ;) N

u(0)=0.3, v(0)=04.
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(a) (b) 045 (c) 045
0.6 0.4 0.4
0.5
0.35 5 0.35
> 04 > S
& 3 03 T 03
5 03 5 3
[o%
02 0.25 0.25
0.1 0.2 0.2
0 0.15 0.15
0 100 200 300 400 500 600 0 100 200 300 400 500 600 0 01 02 03 04 05 06
t t prey u

FiG. 1. When 5 =0.08 > so = 0.0555, and solutions u(¢) and v(¢) of system (2.13) converge to the equilibrium values in (a) and
(b), respectively, solution trajectories spiral towards the interior equilibrium in (c).

(a) (b) 04 (c) 0.45
0.6
0.35 : : : : 04
05 > 035
5 04 > s 0.3
© .
& 03 g g
02 5 025
0.1 0.2
0 " R R R . 0.15——— '
0 100 200 300 400 500 0 100 200 300 400 500 0 01 02 03 04 05 0.6 0.7
t t prey u

F1G. 2. When s =0.04 < so = 0.0555, solutions u(#) and v(¢) of system (2.13) oscillate around the equilibrium values in (a) and
(b), respectively, there is a limit cycle surrounding the interior equilibrium in (c) induced by Hopf bifurcation.

It is easy to see that 0.65=8 <1+ m=1.1 and system (2.13) has a unique positive equilibrium
E* = (u*,v*) = (0.2716,0.2716). Noting that so = 0.0555, it follows from Theorem 2.3 that E* is locally
asymptotically stable when s> sy =0.0555 and unstable when s < sy =0.0555. Moreover, when s
passes through sy from the right-hand side of sy, E* will lose its stability and Hopf bifurcation occurs,
that is, a family of periodic solutions bifurcate from the positive equilibrium. By computing, we have
a(sp) = —0.5643 and thus the Hopf bifurcation is subcritical and the bifurcating periodic solutions are
orbitally asymptotically stable. Numerical simulations are presented in Figs 1-2. Figure 1 shows stable
behaviour of the prey and predator species when s > sq : In Fig. 1(a,b), both components u(¢) and v(¢)
converge to their corresponding equilibrium values as time approaches infinity; in Fig. 1(c) the solution
trajectories spiral towards the equilibrium point as time goes to infinity. Figure 2(a,b) present the time
plots of the prey and predator species for s < s9, which indicate the oscillations of the two populations
induced by instability. Figure 2(c) is the phase portrait of the predator—prey model which depicts the
limit cycle arising out of Hopf bifurcation around the positive equilibrium E*.

3. Stability and bifurcations of the reaction—diffusion system
3.1 Invariance, uniform persistence and global stability

In this subsection, the invariance, uniform persistence and the global asymptotic stability of positive
steady state (u*, v*) are studied for the diffusive predator—prey system (1.7). First, we will show that any
non-negative solution (u(x, 1), v(x, t)) of (1.7) lies in a certain bounded region as t — oo for all x € 2.
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ProPOSITION 3.1 All solutions of (1.7) are non-negative. Moreover, the non-negative solution (u, v) of
(1.7) satisfies
limsupmaxu(-,t) <1, limsupmaxv(,t) < 1. 3.1
t—00 2 t—00 2
Proof. The non-negativity of solutions of (1.7) is clear since the initial values are non-negative. We
only consider the boundedness.
The first inequality of (3.1) follows easily from the comparison argument for parabolic problems

since
muy

(1 +auw(1 + bv)

Thus, there exists 7 € (0, 00) such that u(x,7) < 1 + € in £2 x [T, co) for an arbitrary € > 0. Since

1 — _
sv(l—v><sv<l— d ):sv( + e v’ xef2, t>T,

u(l —u) <u(l —uw), (1) e x][0,00).

u 1+¢€ 1+¢€

the comparison argument shows that

limsupmax v(-, 1) <1 + ¢,
1—00 2

which implies the second assertion by the arbitrariness of €. The proof is completed. U

DEerFINITION 3.2 System (1.7) is said to be uniform persistent if, for any non-negative initial data
(up(x), vo(x)) with up(x) #£0, vo(x) £ 0, there exists a positive constant €y = €o(ug, Vo) such that the
solution (u(x, t), v(x, 1)) of (1.7) satisfies

liminf minu(-,?) > €y, liminfminv(-,t) > €.
oo O =0 Q

ProPOSITION 3.3 If m < ab, then system (1.7) is uniformly persistent.

(1 ) a1 )
(I +aw)(1 +bv) ab

and m < ab, then we have

Proof. Noting that

liminfminu(, 1) > 1 — & 2K > 0. (3.2)
2 ab

—>00

Thus, for any € (0 < € < K), there exists T € (0, 00) such that u(x,7) > K — € in 2 x [T, 00). As aresult,

v satisfies "
sv(l—K)>sv 1— Y =sv( —e)—v, xef, t>T.
u K —¢ K—¢

The comparison argument concludes that

liminfminv(-, ) > K
t—oo  ©

by the continuity as € — 0. The proof is completed. O

REMARK 3.4 By the terminology in Cantrell & Cosner (2003), Propositions 3.1 and 3.3 indeed imply
that system (1.7) is permanent if m < ab.
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For convenience, we define

, 1 mK
M =2am+m” + —

4 (I+a(+b? 33)

THEOREM 3.5 Assume that a + b > ab, m < ab, ma < (1 + aK)*(1 + bK) and 2K > M (K is defined in
(3.2) and M is given in (3.3)). Then the positive constant steady state (u#*,v*) with respect to system
(1.7) is globally asymptotically stable; in other words, (u*, v*) attracts every positive solution of (1.7).

Proof. Let (u(x,1),v(x, 1)) be a positive solution of (1.7). Choose a Lyapunov function as follows:

E(r) :/ W (u(x, 1), v(x, 1)) dx,
2

where

2 %2 <
_ 1 _
W(u,v)z/“ u2” du—l—;/v Y dv.

14

Straightforward computations yield that

dE(t
% :/ {Wu(u(x’ t),V(X, t))ul + Wv(u(-xs t)9v(-x, t))vl}dx
2
W — ut dyv—v*
=/ {dl —Aut = Av}dx
o u s v
2 %2
+/ S O L A +(v—v*)(l—E) dx
o u (1 4+ au)(1 + bv) u
=E () + Ex (D),
where
2 *2 *
— dv—
El(t):z/ {ch” LA+ 2T Av}dx
Q u s v
2 %2 dr v*
=_/ {d1 o |vu|2+”2|vv|2}dx<0
o u s v
and
Ex) / W — ut | my +( ) (1 V) dr
= - vV—v - -
: o u (1 + au)(1 + bv) u

{u2 —u . my* my
Q u (I +au)(1+bv) (14 au)(1+ bv)
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")

B w—u N mav*(1 + bv)(u — u*) — m(1l + au™) (v — v*)
_/Q u [_(”_ ) T an (1 + aw )+ by (1 & bv) }

+

=)= (v—v*)z}dx

u u

= —/ 1 {(u —u")(u+ u*) [1 — mav” }
ol (1 4+ aw)(1 + au*)(1 + bv*)
m(u + u*)
- [(1 + au)(1 + bv)(1 + bv*)

- 1] u—uH(v—v)+ v — v*)2} dx

B 1 ( 511 mav* )
__/Qu{”%‘ [_(1Jrau)(l+au*)(1+bv*)}E

m(u + u*) B ,
- [(1 +au)(1 + bv)(1 + bv*) 1] §n+n }dx

o py) ) (€
= /Q(g ) (q(u,v) I )(n)d’“’

in which & =u —u*, n=v —v*,

()= (4 + *)[1_ mav* }
pls, vy ="uTu 1+ aw)(1 + au)(1 +bv*) |’
1 [ m(u + u*) ]
qu,v) =3 —1

2 | (0 + awy (1 + by (1 + bv)

It can be seen that dE(¢) /dt = E|(t) 4+ E»(f) < 0 if and only if the matrix

(p(u, v)  q(u, V)>
q(u,v) 1

is positively definite, which is equivalent to p(u,v) + 1 > 0 and ¥ (1, v) = p(u,v) — ¢*(u, v) > 0, where

mav*(u + u*)
(1 4+ aw)(1 + au*)(1 + bv*)
m?(u + u*)? n m(u + u*)
41 4+ aw)2(1 +bv)2(1 +bv)?  2(1 + au)(1 + bv)(1 4+ bv*)’

1//(%V)=—%+(u+u*) —

By the assumption that ma < (1 + aK)*(1 + bK), we have p(u,v) > 0. Furthermore, ¥ (u,v) > 0 is
fulfilled if 2K > M, where M 1is given in (3.3). Hence, we can conclude that (u(x,?), v(x, 1)) — (u*,v*)
in [L*®(£2)]?, which indicates that («*,v*) attracts all solutions of system (1.7). Thus, the proof is
completed. (|

REMARK 3.6 Under different conditions we can choose another Lyapunov function

1
W(u,v):u—u*—u*lnl—i—f (v—v*—v*lnl).
u* s V¥
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The computation process is similar to that in the proof of Theorem 3.5. This indicates that different
Lyapunov functions yield different conditions guaranteeing the global stability of (&%, v*).

3.2 Turing instability

In this part, we derive conditions for the Turing instability of the spatially homogeneous equilibrium
(u*,v*) of diffusive predator—prey system (1.7). Here we consider the special case with the no-flux
boundary conditions in a 1D interval £2 = (0, [):

0

o —diAu=u(l —u) — L, xe 0,0, t>0,

ot (1 + au)(1 + bv)

0

Y hAv=sy (1 - 3), xe(,0), t>0,

ot u 3.4
ou Jv

—:—:0, X:O,l,t>0,

Jx  ox

u(x,0) =up(x) 20, v(x,0) =vo(x) 20, x€(0,0),

where [ > 0 is the length of the interval. While our calculations can be carried over to higher-dimensional
spatial domains, we restrict ourselves to the case of the spatial domain (0, /), for which the structure of
the eigenvalues is clear. To this end, let

uy P1 .
(v) = <p2> exp(At + ikx),

where A is the growth rate of perturbation in time ¢, p; and p, are the amplitudes, and k is the wave
number of the solutions.
The linearized system of (3.4) at (u*, v*) has the form

(“f) =L (“) =D (“”) Ty (“) : (3.5)
vy v Vi v

where J is the Jacobian matrix defined in Section 2 and D = diag(d;, d»); L is a linear operator with
domain D; =X :=X @ iX = {x; + ixp : x1,x» € X}, where

X = {(u, v) € H[(0,1)] x H[(0,D)]

u(0,1) =u,(l,1)=0
v (0,0) =v,([,1) =0

and H>[(0, )] denotes the standard Sobolev space. Define

Jpi=J — k*D = (So_kzdl o )

s —s — k*d,

It is clear that the eigenvalues of the operator L are given by the eigenvalues of the matrix J;. The
characteristic equation of Jj is

Pr(A) =22 —OKk) -1+ A(k) =0, (3.6)
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where

O k) :=s9 — s — k*(d) + db),
Ak) = dydok* + (sdy — sodr)k? — s(so + o).

The roots of (3.6) yield the dispersion relation
Ma(k) =3[0 (k) £ /O (k) — 4A(K)].

If we assume that condition (2.4) holds, then sy < 0 and (H;) hold. It is easy to see that & (k) <0
and A(k) > 0. Thus, we can conclude that the two roots of Px(A) = 0 both have negative real parts for
all £ > 0. Therefore, we have the following result.

PROPOSITION 3.7 Assume that a + b > ab and (2.4) hold. Then the unique positive constant steady state
(u*,v*) of (3.4) is locally asymptotically stable.

From Proposition 2.1, we know that the interior equilibrium (x*, v*) of ODE model (2.1) is locally
asymptotically stable when s > sy. Next, we investigate the Turing stability of the spatially homoge-
neous equilibrium (¢*,v*) of diffusive system (3.4) under the assumption that (H;) and (H;) hold. In
this case, so > 0 and A > 0. It is well known that the coexistence equilibrium (u*, v*) of diffusive sys-
tem (3.4) is unstable when (3.6) has at least one root with positive real part. Noting that @ (k) < 0 when
s > so. Hence, (3.6) has no imaginary root with positive real part.

For the sake of convenience, define

@(k?) := A(k) = d1dok* + (sdy — s0d2)k*> — s(so + o),

which is a quadratic polynomial with respect to k2. It is necessary to determine the sign of ¢(k?). If
@(k*) < 0, then (3.6) has two real roots in which one is positive and another is negative. When

G(d], dz) = Sd] — S()dz < 0, (37)
it is easy to see that ¢(k?) will take the minimum value

dy — sody)?
min (k%) = —5(s0 + ) % <0 (3.8)

at k2 = k2

‘min”®

where
sz __Sdl —Sod2
min 2d1d2

Define the ratio 8 = d,/d; and let
A(dy, dy) = (sdy — soda)* + 4s(so + 0)d dy = s5d5 + 25(so + 20)ddy + s7d}.
Then
A(dy,dy) =0 6 130 + 25(s0 + 20)0 + 5> =0,

G(dy,dy) =060 = =6
50
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Note that A = —s(sop + o) > 0 and 0 < 0; we have
4s2(s0 + 2(7)2 — 4s2s3 = 165%0 (so +0)>0.

Then A(d,,d,) = 0 has two positive real roots

—s(so +20) 4+ 2s/0 (50 + 0)
6, = ; , (3.9)
50
— 20) — 254/
g, = ~SGo+20) = 7o +9) (3.10)
S0

We can see that 0 <6, <6* <6,. Therefore, when d,/d, >6;, we have ming,¢(k*) <0 and
G(dy,dy) <0, and thus (u*, v*) is unstable. This indicates that the Turing instability occurs.
Based on the above argument, we have the following result about diffusion-driven instability.

THEOREM 3.8 Assume that a + b > ab, s > 5o, (H;) and (H,) hold (so the coexistence equilibrium is
stable for local system (2.1)). Then there exists an unbounded region

U:={(d,dy):dy >0,d, >0,d, > 61d,}

for 6, > 0, such that, for any (d;,d») € U, (u*,v*) is unstable with respect to the reaction—diffusion
system (3.4), that is, Turing instability occurs.

REMARK 3.9 We can see that d/d; > 1 under the assumption that s > 5. Hence, for the occurrence of
diffusive instability in system (3.4), the predators must diffuse faster than the prey.

ExaMPLE 3.10 As an example we consider a diffusive system with no-flux boundary conditions on 1D
spatial domain (0, /) and choose s as the parameter, where d; and d, are the diffusion coefficients:

O Au=u(l — u) Suv c©,0), >0

— —diAu=u(l —u) — : D, >0,

or AT T T A R d v o1y

v v

E—dgAv=sv(1—;), xe(0,D), t>0, 3.11)
u 0

—M:—V:O, x:o,l,t>0,

Jv Jv

u(x,0) =up(x) =20, v(x,0) =vo(x) =20, xe(0,0).

Thus, when 5= 0.08 > 5o = 0.0555, we have 6, = (—s(so + 20) + 254/ (50 + 0))/s3 = 70.7649. In
this case, the positive equilibrium E* of the ODE model (2.13) is stable (see Example 2.4 and Fig. 1).
Now if d,/d; < 61, by Proposition 3.7 the spatially homogeneous equilibrium E* of the diffusive sys-
tem (3.11) is locally asymptotically stable. Figure 3 shows that the solutions u(x, ) and v(x,t) of the
reaction—diffusion model (3.11) are homogeneous in the space variable and converge to the spatially
homogeneous steady states u* and v* as the time variable increases.

To have Turing instability, with a =3, b=0.1, m =5 and s = 0.06, we obtain the unstable region
which is between the line d, = 6,d; and the d,-axis (see Fig. 5).
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Pprey predator

Ukl
coo0000

FI1G. 3. Numerical simulations of the stable coexistence equilibrium solution (u(x, 1), v(x, t) of the reaction—diffusion system (3.11)
with s =0.08 > 50 =0.0555,/=4,d; =1, dy =1 and (ug, vo) = (0.3 + 0.02 cos(2rx/4),0.3 + 0.05 cos(27wx/4)), in which both
u(x,t) and v(x, t) are homogeneous in space and converge to the spatially homogeneous steady state as time increases.

d2=theta1d1
P Y """"""" “““““ """ —d2=theta d1 |
U B B B B
04p EEREEEREREREE SRR EEREREEEERE SRREEEEEREREREE
S 03
02F f EEEREREREREREE S REREEEREEREE SRREEEEEREREREE
Aff R B D [ —
0 i i i i
0 0.02 0.04 0.06 0.08 0.1

F1G. 4. Bifurcation diagram for Turing instability in the reaction—diffusion system (3.4) witha=3, b=0.1, m=5 and s = 0.06.
The unstable region is the area between the line d» = 0;d; and the d-axis.

Therefore, according to Theorem 3.8, we know that E* becomes unstable when s > 59 and d» /d, >
0, =70.7649, Turing instability occurs in the diffusive system (3.11), that is, both components u* (x, f)
and v*(x, r) become unstable and spatially inhomogeneous (see Fig. 5).

REMARK 3.11 The Hopf bifurcation in the ODE system (2.1) gives rise to periodic solutions as stated
in Theorem 2.3. Note that any periodic solution of the ODE model (2.1) is a spatially homogeneous
periodic solution of the reaction—diffusion system (3.4). Follow the technique in Ruan (1998), we can
show that Turing instability may occur at the stable periodic solutions of the ODE model (2.1) as well.
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(a) l-ltx,t.). (b) v{x.p

2 100

Time t 20 Distance x Time t 00 Distance x

FI1G. 5. Numerical simulations of Turing instability in the reaction—diffusion system (3.11) with s =0.08 > 5o = 0.0555, [ =4,
d; =0.005, d, =1 and (up,vp) = (0.3 + 0.02 cos(2mx/4),0.3 + 0.05 cos(27x/4)), in which both (a) u(x,7) and (b) v(x, 1) are
inhomogeneous in space and uniform in time, that is, exhibit spatial inhomogeneous patterns.

3.3 Hopf bifurcation

As in Theorem 2.3, we can also perform a Hopf bifurcation analysis in the diffusive system (3.4) at
the same bifurcation point as in the ODE model (2.1), and bifurcating spatially homogeneous periodic
solutions exist near s = so. However, due to the effect of diffusion, the stability of these periodic solu-
tions with respect to (3.4) could be different from that for local system (2.1). Now, we shall investigate
the direction of these Hopf bifurcations and stability of bifurcating periodic solutions with respect to
system (3.4) by applying the normal form theory and centre manifold theorem introduced by Hassard
et al. (1981). Let L* be the conjugate operator of L defined as (3.5):

L (C‘) =D (:”) LU (C‘) : (3.12)

where J* :=J T with the domain D;- = X¢. Let

1 * Bo = 0.
. q1 * 41 o —+ =1
= = = ., = = .
1 <Q2> (—;O + %1) 1 (‘I?) 270 (U i’ )

For any &€ € D+, n € Dy, it is not difficult to verify that (L*&, n) = (¢, Ln), L(so)qg =1Boq, L*(s0)q" =
—iBog*, (q*.q) =1, (g*,q) =0, where (a,b) = [; €™y dx denotes the inner product in L*[(0,1)] x
L?[(0,1)]. According to Hassard et al. (1981), we decompose X = X¢ @ X5 with X€ = {zg + 7 :z € C}
and X5 = {w e X : (g*, w) =0}.

For any (u,v) € X, there exists z € C and w = (wy, w») € X5 such that

W) =2 +72q+ (w1, w)", z=1{(q" w,v)").
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Thus,
u=z+z+ow,

System (3.4) is reduced to the following system in (z, w) coordinates:

dz . ~
X =ifoz+ (q*, h),
(3.13)

(lCl) ( )
1 - » %, W),
Where
li(Z,Z,C{)) n <q "l)q <q "l>q

and h = (f,g)" (f and g are defined in (2.7)).
It is easy to obtain that

(" hy = 5[ Bof —i(sof + )],

2/6
(g%, h) = ﬂ [Bof +i(sof + 081,
i | Bof —i(sof +08)
(q"hqg= . :30 55
280 \ Bog +1 f+ 2f + s0g
o | Bof +i(sof +0g)

(q*’hﬁ]:fﬂo ﬁog—l(ﬂ°f+ f+Sog)

Furthermore, we can get H(z,Z, w) = (0, 0)". Let

Hyg
H= 72 + Hyzz + 72 +0(|Z|)

It follows from Appendix A of Hassard et al. (1981) that the system (3.13) possesses a centre
manifold, and then we can write w in the form

1) _ . w0
w= %zz + wzz + %zz +o(lz]).

Thus, we have
w2 = (2iBol — L)™' Ha,
1= (—L)""Hy,

W = Wy.

This implies that w9 = wp, = w1 =0.
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For later uses, define

co :=fuu61% + 2fwq192 +fvv‘1% =2a; + 2a2q3,
dy = g,mq% +28wq192 + gwf]% =2b) + 2byq> + 2b3q%,
eo :=fulail” +fo(@1d2 + G1a2) + o laal* =2a1 + ax(q2 + o),
for=gula1” + 8w (@12 + G142) + gwlqa)?
=2b + ba(g2 + ) + 2bs1ga %,

80 :quuu|q1 |ZLI1 +fuuv(2|q1 |242 + q%q_Z) +fuvv(2q1 |Q2|2 + q_lqg) +fvvv|q2|2q2,
=6a3 + 2a4(2q2 + q2),

o = Guul 11°q1 + 8unv 191 P @2 + 4142) + 8 11 a21* + G143) + gwwlg2* g2

= 6by + 2bs(2q2 + ) + 2b62lga|* + 43).

with all the partial derivatives evaluated at the point (u,v,s) = (0,0,sy). Therefore, the reaction—
diffusion system restricted to the centre manifold in z, 7 coordinates is given by

%—iﬂz+1¢ Z+ o z2+1¢ 22+1¢ 272+ o(lz")
dt_ 0 ) 20 11 ) 02 ) 21 5

where
b0 =(q" (co.dop) "), P11 = (g%, (eo.fo) " )s P21 = (g% (g0.10) ")

Note that by = b3, by = —2b;, bs = —2bg and ﬂg = —50(so + o). Then straightforward but tedious
calculations show that

P20 = ZLﬂo [(/io - ioi) co — ido}

2 i /2
=a; —2b; — ;blso o (Gblsé + (a1 + a» + 3b1)so + ab1> ,
0

o1 = ZLﬂo [(,(370 - ioi) ey —ifo}

1 i 1
=a); — —axso — — (—asz + (a1 +by)so + Ubl) )
o Bo o

¢ = ZLﬂo [(,io - i‘oi) 80— iho]

2 i /2
=3a3 — 2bs — ;(04 + be)so + o (o(a4 — be)sg — (3az + aq + 5be)so — 30174) .
0
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According to Hassard et al. (1981), we have

i

Re(ci(s0)) =Re { 2

1 1
<¢20¢11 —2lpn|* — 3|¢02|2> + 2%}

1 1
= —%[Re(%o) Im(e11) + Im(¢hao) Re(11)] + 5R6(¢21)
a%—i—Zalaz—i—azb] +2b% 5 obi(a; — by) 3
== 2 So 2 a3 — bg
2B5o Bo 2
2(&% +aiby — Zb%) +a(ay — b)) as bg
+ 3 —— = — %
285 o o
1 K 280 — O
= — a% + 0 a% 0 a\a)
so+o 2(so +0)o 2(sg +0)o
1 1 so+o 3 K so+o
— —aiby + —arb; + 0 b% + —az — —Oa4 -2 b. (3.14)
S0 20 S00 2 o

Based on the above analysis, we give our results in the following theorem.

THEOREM 3.12 Suppose that a + b > ab, (H;) and (H,) hold. Then system (3.4) undergoes Hopf bifur-
cation at s = sp.

(i) The direction of Hopf bifurcation is subcritical and the bifurcating (spatially homogeneous) peri-
odic solutions are orbitally asymptotically stable if Re(c;(s)) < O.

(i) The direction of Hopf bifurcation is supercritical and the bifurcating periodic solutions are unsta-
ble if Re(c; (sg)) > O.

REMARK 3.13 From (2.12) and (3.14), we can find that Re(ci(so)) =4(so + o)a(so)/o. Under the
conditions that (H;) and (H;) hold, we have sy + o <0. Then Re(c;(sp)) <O0(> 0) if and only if
a(sg) < 0(> 0) since 4(sp + 0)/o > 0. We can conclude that the direction of Hopf bifurcation of system
(3.4) is the same as that of local system (2.1).

ExampLE 3.14 As in Example 3.10, we continue to consider the diffusive system (3.11). By
Theorem 3.12, for the reaction—diffusion system (3.11) Hopf bifurcation occurs at s =15y and the
bifurcating temporal periodic solutions exist when s < sp. Choosing s=10.03 < 0.0555, we have
Re(ci(s9)) = —2.0806 < 0, which indicates that the bifurcating temporal periodic solutions are orbitally
asymptotically stable (see Fig. 6). Comparing with Fig. 3, we can see that the solutions u(x, ) and v(x, f)
of the reaction—diffusion model (3.11) are homogeneous in the space variable and oscillatory in the time
variable about the spatially homogeneous steady states u* and v*.

3.4 Turing—Hopf bifurcation

Ecologically speaking, the Turing instability breaks the spatial symmetry leading to the pattern forma-
tion that is stationary in time and oscillatory in space, while the Hopf bifurcation breaks the temporal
symmetry of the system and gives rise to oscillations which are uniform in space and periodic in time.
In this part, we will investigate the coupling between two different instabilities, i.e. Turing—Hopf bifur-
cation, in the (s, d))-parameter space.
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ey predator

F1G. 6. Numerical simulations of the stable time-periodic solutions for the reaction—diffusion system (3.11) with s =0.08 > so =
0.0555,1=4, d; =0.004, d, =1 and (ugp, vo) = (0.3 + 0.02 cos(2x/4),0.3 + 0.05 cos(27wx/4)), in which both u(x, r) and v(x, 1)
are oscillatory in time and homogeneous in space, that is, exhibit temporal periodic patterns.

Assume that a + b > ab, (H;) and (H;) hold. We choose s as the bifurcation parameter. From
Theorem 3.12, we know that the critical value of the Hopf bifurcation parameter s is

st = 5 = u* ami —1). (3.15)
(1 + au*)*(1 + bu*)

At the bifurcation point, the frequency of these temporal oscillations is given by

oy =Im(A) =/ Atk =0) = \/—s(sp + 0).

Based on the analysis in Section 3.1, we know that the Turing instability occurs when d; < d5. In
the following, we fix d, = 1. From (3.9), the critical value of the Turing bifurcation parameter s takes

the form
2

T 50
= . 3.16
S T A (=50 +20) + V=000 T 0)) .10

At the Turing instability threshold, the bifurcation of stationary spatially periodic patterns is character-

ized by the wavenumber k; with
k= (| SB0+ )
d

In Fig. 7, the Turing bifurcation curve and Hopf bifurcation curve are plotted in the (s, d;)-parameter
space for fixed m =5, a=3, b=0.1 and d, = 1. The Hopf bifurcation and Turing bifurcation curves
divide the parametric space into four distinct regions. In region I, the upper part of the displayed param-
eter space, the coexistence equilibrium is the only stable solution of diffusive system (3.4). Domain II is
the region of pure Turing bifurcation, while domain III is the region of pure Hopf bifurcation. In domain
IV, located below the two bifurcation curves, both Turing instability and Hopf bifurcation occur. This
can give rise to an interaction of both types, producing particularly complex spatiotemporal patterns if
the thresholds for both instabilities occur close to each other. This is the case in the neighbourhood of
a degenerate point (marked by TH), where the Turing and the Hopf bifurcations coincide: this is called
a codimension-2 Turing—Hopf point, since two control variables are necessary to fix these bifurcation
points in a generic system of equations.
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F1G. 7. Turing—Hopf bifurcation diagram for the reaction—diffusion system (3.4) withm=5,a=3,b=0.1and d, = 1.

At the Turing—Hopf point, we have s = s (s" and s are given in (3.15) and (3.16)). Thus, we can
obtain the critical value of d;:

d* %

T o+ /=Gt o2

REMARK 3.15 If d; < df, then s < sT. With increasing s, the Hopf threshold is the first to be crossed
and thus Hopf bifurcation will be the first to occur near the criticality. On the contrary, if d; > df, the
first bifurcation will occur towards Turing patterns.

ExaMPLE 3.16 As in Examples 3.10 and 3.14, we still consider the reaction—diffusion system (3.11).
From Section 3.3, we know that when (s,d;) is in region IV, the interaction of Turing instability and
Hopf bifurcation occurs. Figure 8 shows the Turing—Hopf structures for the diffusive system (3.11).
Moreover, in order to observe the spatiotemporal patterns of Turing—Hopf bifurcation in a 2D spatial
domain when the parameters locate in region IV in Fig. 7, we should discretize the space and the time
of the problem because the dynamical behaviour of the spatial predator—prey system cannot be investi-
gated by using analytical methods or normal forms. We will transform it from an infinite-dimensional
(continuous) to a finite-dimensional (discrete) form. In practice, the continuous problem defined by the
reaction—diffusion system in a 2D space domain is solved in a discrete domain with M x N lattice sites.
The spacing between the lattice points is defined by the lattice constant Ah. In the discrete system, the
Laplacian describing diffusion is calculated by using finite difference schemes, i.e. the derivatives are
approximated by differences over Ah. For Ah — 0, the differences approach the derivatives. The time
evolution is also discrete, that is, the time goes by steps of At, and is solved by using the Euler method,
which means approximating the value of the concentration at the next step based on the change rate of
the concentration at the previous time step. The model (3.11) is solved by numerically approximating
the spatial derivatives and an explicit Euler’s method for the time integration with a time step Ar = 0.01
and space step size Ah = 1.25. In order to avoid numerical artefacts, we checked the sensitivity of the
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predator

2 o o " t o o

F1G. 8. Numerical simulations of Turing—Hopf structures for the reaction—diffusion system (3.11) with s =0.04 < s9 = 0.0555,
=80, d; =0.001, d» =1 and (up, vo) = (0.3 + 0.02 cos(2mx/4),0.3 4+ 0.05 cos(2wx/4)), in which both u(x,?) and v(x,7) are
inhomogeneous in space and non-uniform in time, that is, exhibit spatiotemporal patterns.

@

F1G. 9. Snapshots of contour pictures of the time evolution of the prey population density at different instants for the reaction—
diffusion system (3.11) in a 2D spatial domain with s =0.04 < sy =0.0555, d; =0.008 and d, = 1. (a) O iteration; (b) 2000
iterations; (c) 10000 iterations.

results to the choice of the time and space steps and their values have been chosen sufficiently small.
Both numerical schemes are standard, hence we do not describe them here.

In the simulations, different types of dynamics are observed and we have found that the distribu-
tions of predators and the prey are always of the same type. So, we can restrict our analysis of pattern
formation to one distribution (for instance, we show the distribution of the prey in this paper). The ini-
tial density distributions are random spatial distributions of the species, which is more general from the
biological point of view. In Fig. 9, we show the evolution of the spatial pattern of the prey at 0, 2000
and 10000 iterations, with random perturbation of the steady states u* and v*. We see from this figure
that the spotted and labyrinth patterns prevail over the whole domain.

4. Positive non-constant steady states

In this section, we use the Leray—Schauder degree theory to study the existence and non-existence of
positive non-constant steady states of system (1.7), that is, the existence and non-existence of positive
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non-constant solutions of the corresponding elliptic system:

muy
—diAu=u(l —uy) — ————, x€£2,
(1 + au)(1 + bv)
—dy Av=sv (1 - 3), xeQ, 4.1)
u

du v

— =— =0, xe€0s2.

v  Jv

Let O=po<pi<pp<---—00 be the eigenvalues of —A on £ under homogeneous
Neumann boundary condition. By S(u;), we denote the space of eigenfunctions correspond-
ing to wu; for i=0,1,2,.... X;j::{c-wij:ceRz}, where {¢;} are orthonormal basis of S(u;)
for j=1,2,...,dim[S(u)]. X:={u= (u,v) € [C'(2)]*: du/dv =3v/dv =0}, and so X =P, X,,
where X; = @]‘.j:l‘[s(’“)] X

4.1 A priori estimates

It is necessary to establish a priori positive upper and lower bounds for the positive solution of (4.1).
We first cite two lemmas which are due to Lin et al. (1988) and Lou & Ni (1996).

LEMMA 4.1 (Harnack Inequality Lin ef al., 1988) Assume that ¢ € C(£2) and let w e C2(£2) N C'(£2)
be a positive solution to Aw(x) + c(x)w(x) =01in £2 and dw/dv = 0 on 3£2. Then there exists a positive
constant C, = C,(||c|lo) such that

maxw < C, minw.
2 o)

LEMMA 4.2 (Maximum Principle Lou & Ni, 1996) Suppose that g € C(£2 x R).

(i) Assume that w € C2(£2) N C'(£2) satisfies Aw(x) + g(x,w(x)) >201in £2 and dw/dv <0 on 9S2.
If w(xp) = maxg w; then g(xo, w(xp)) = 0.

(i) Assume that w € C%(£2) N C'(£2) satisfies Aw(x) + g(x, w(x)) <0in £2 and dw/dv > 0 on 2.
If w(xp) = ming w; then g(xg, w(xg)) <O0.

Note that the positive solutions of (4.1) are contained in C?(£2) x C2(£2) by the standard regularity
theory for elliptic equations (Gilbarg & Trudinger, 2001), so Lemmas 4.1 and 4.2 can be applied to (4.1)
after proper estimates. For notational convenience, we write I" = I"(a, b, m, s) in the sequel.

THEOREM 4.3 (Upper bounds) For any positive solution (u, v) of (4.1),

maxu(x) <1, maxv(x) < 1. “4.2)
2 I?)

Proof. A direct application of Lemma 4.2 to the first equation of (4.1) yields the first inequality of
(4.2). Since 0 < v < ||u|loo < 1, we have v(x) < 1 in £2. U

THEOREM 4.4 (Lower bounds) Let d be a fixed positive constant. Then, for dy, d, > d, there exists a
positive constant C = C(I", d) such that any positive solution (u, v) of (4.1) satisfies

minu(x) > C, minv(x) > C.
2 2
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Proof. Let
u(xo) =minu(x), v(yo) =minv(x), v(y)=maxv(x).
2 I, fe)

By Lemma 4.2, it is clear that

1 — u(xo) — v (o) <o, 1200 o YO0
(1 + au(xo)) (1 + bv(xo)) u(yo) u(yr)
and so
u(xo) < u(yo) < v(yo)s (4.3)
v(y1) <u(yr) < maxu(x). “4.4)
Q2
From (4.4), we have
1 —ulxp) < ax au(xo);rzl n bv(xo))v(x()) <mv(xg) < mmgx v(x) < mmgx u(x).
These estimates imply that
1 <u(xg) + mmax u(x) = minu(x) + m max u(x). 4.5)
2 Q2 Q2

Define
c(x):df1 (1 —u—mv>;
(1 4+ au)(1 + bv)

9
Au+ c(u=0 in 2, a—”:O on 902
V

then u satisfies

Lemma 4.1 further indicates that
max u(x) < C, min u(x),
2 %)

where C, is a positive constant depending on ||¢|| -
Combining this with (4.5), we obtain

1L,
=min > —F=C.
u(xp) i u(x) v mc. ©
It follows from (4.3) that v(yp) = C. The proof is completed. ]

4.2 Non-existence of positive non-constant steady states

Now we show the non-existence of positive non-constant solutions of (4.1) by the effect of large diffu-
sivity. For convenience, we define

muy

fiw vy =ul —u) = G=—mm= s

and  fo(u,v) = sv (1 - 5) . 4.6)

THEOREM 4.5 Let dj >s/u; be a fixed positive constant. Then there exists a positive constant
df =df(I',d5) such that (4.1) has no positive non-constant solution provided that d; > d} and d, > dj;.
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Proof. Assume that (u, V) is a positive solution of (4.1). Let ¢ = (1/|$2]) fg @dx for any ¢ € L' (£2).
By multiplying (u — u) to the first equation in (4.1) and then integrating on §2, we have

/d1|VM|2dX=/f1(u,v)(u—12)dx
2 Q
=/Q{f1(u,v)—ﬁ(ﬁ,17)}(u—ﬁ)dx

) I mv(u — i)
—/Q {[1 (u+uw)](u—u (1 4+ au)(1 + au)(1 + bv)

_ mu(u—)(v—V) }
(I 4+auw)(1 +bv)(1 + bv)

< / {(u— )*> + mlu — ul|lv — |} dx.
fo)
Similarly, we can establish the following estimate:
| @vbac= [ pune-na
2 Q2

=L%ww—ﬁ@ﬂm—ﬂu

_ sV s s st _
=/ sy-V+—=-—-——+—;(v-=vdx
o u u u

, _
=/ {Sv_(u—b_t)(v—\_/)+(s—s(v+v)>(v—\'1)2}dx
o Luu u

< —Uu—uwy—v)+s@v—v)° sdx.
Q uu

These estimates indicate that

/{d1|Vu|2+d2|Vv|2}dx</{(u—ﬁ)z+219|u—12||v—17|—f-s(v—\"z)z}dx
2 2

~\2 v =\2
g/{(u—u) <1+E)+(V—V) (s—l—l?e)}dx
2

for some positive constant ¥ and an arbitrary small positive constant €, in which the last inequality
follows from the following fact:

5 B
200 —itl|v — 9| =24/ —|u — | - VOl — | < —|u — > + Delv — V.
€ €

By using the Poincére inequality, we obtain

/{d1u1|u—ﬁ|2+d2u1|v—\7|2}dx</ {(u—ﬁ)z <1+i> +(v—17)2(s+196)}dx.
2 2
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Since drp) > s, from the assumption, we can find a sufficiently small €y >0 such that
drpuy = 5 + €. Finally, by taking df := (1/u1)(1 + 9/€p), we can conclude that u = & and v = v. This
completes the proof. O

4.3  Existence of positive non-constant steady states

In this part, we discuss the existence of positive non-constant solutions to (4.1) when the diffusion coef-
ficients d, and d, vary while the parameters a, k, m, é and f are kept fixed by using the Leray—Schauder
degree theory. In view of Theorem 3.8, Turing pattern occurs when the diffusion of the predators is
larger than that of the prey.

For simplicity, define u= (u,v)" and F= (f;,)" (fi, /> are defined in (4.6)). Thus, F,(e*) =J
(J is given by (2.3)) and the problem (4.1) can be written as follows:

—Au=D"'Fuw), xe£,

u 4.7
— =0, xe€0d42,
av

where D = diag(d, d»). Therefore, u* solves (4.7) if and only if it satisfies
f(di,dr;u):=u— (I —A) "D 'Fu)y+u}=0 on X, (4.8)

where (I — A)~! represents the inverse of / — A with homogeneous Neumann boundary condition.
A straightforward computation reveals

Dof(di,dosw) =1 — (I — AL (D +1).

For each X;, A is an eigenvalue of Duf(dl, dr;u) on X if and only if A(1 4 w;) is an eigenvalue of
the following matrix:

—d s —d; o
M=l — D'y = (H1 70 %0 ! :
H ( —d5's wi+ds's

Clearly,
detM; = d; ' d5 ' [dydapu? + (dys — daso) i — s(so + )]

and trM; =2u; + d{ls — dflso. Define
8(dy,dy; ) = dydopi” + (dys — daso) i — s(so + 0).
Thus, g(dy, d>; u;) = didrdetM;. If
(dis — daso)? > —4dydys(sy + o), 4.9)

then g(d,, d»; 1) = 0 has two real roots, that is,

drso — dys + \/(sz0 — d1S)2 + 4ddrs(sg + o)
2dd, ’

drso — dis — \/(sz0 - d1S)2 + 4d drs(sg + o)
2d,d, ’

wy(di,dy) =

n_(d,do) =
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Define

A=Ald,dr) ={p:n>0,u_(di,dr) < p < py(di,do)},
Sp = {/J/O’ Ml?,u*2’ .. ‘},

and let m(u;) be the multiplicity of w;. In order to calculate the index of f (dy,d>;-) at e*, we need the
following lemma.

LEmMMA 4.6 (Pang & Wang, 2003) Suppose g(d,, d»; ;) %0 for all u; € S,. Then
index(f (di, da; ), ) = (—1)°,

where

> omu) ifANS, 0,

0 = { wieANSs,

0 if ANS,=0.

In particular, if g(dy, dp; u;) > 0 for all u; > 0, then o =0.

From Lemma 4.6, in order to calculate the index of f (d1,d; ) at e*, we need to determine the range
of w for which g(d;, d; u) <O.

THEOREM 4.7 Suppose that a + b > ab and (H,) hold. If so/d; € (uk, tx+1) for some k> 1, and
o =X i"zlm(ui) is odd, then there exists a positive constant d*, such that system (4.1) has at least one
positive non-constant solution for all d, > d*.

Proof. Since (H,) holds, equivalently, s > 0, it follows that if d, is large enough, then (4.9) holds and
ui(di,dr) > u_(dy,d,) > 0. Furthermore,

. S0 .
1 di,dr))=—, 1 _(dy,dr) =0.
A p+(d, dz) 40 AmH (di,d>)

As so/dy € (g, ry1), there exists dy >> 1 such that
A (dr, dy) € (ks tay1), 0 <u_(di,dr) <y Vdy 2 dy. (4.10)

From Theorem 4.5, we know that there exists d > dj such that (4.1) with d; =d and d, > d has no
positive non-constant solution. Let d > 0 be large enough such that sg/d; < p1; then there exists d* > d
such that

0<p_(di,dr) <ps(di,do) <hi Vo >d". (4.11)
Now we prove that, for any d» > d*, (4.1) has at least one positive non-constant solution. By way of

contradiction, assume that the assertion is not true for some d; > d*. By using the homotopy argument,
we can derive a contradiction in the sequel.
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Fixing d, = d3, for t € [0, 1], we define

_(tdi+ (1 —-1nd 0
D) = ( 0 idy + (1 —t)d*)

and consider the following problem:

—Au=D"'(HF(u), xe 2,

ou (4.12)
— =0, xe€052.
av

Thus, u is a positive non-constant solution of (4.1) if and only if it solves (4.12) with # = 1. Evidently, e*
is the unique positive constant solution of (4.12). For any ¢ € [0, 1], u is a positive non-constant solution
of (4.12) if and only if it is a solution of the following problem:

hw;f)=u— I — A YD '®F) +u} =0, onX. (4.13)

From the discussion above, we know that (4.13) has no positive non-constant solution \ivhen t=0,
and we have assumed that there is no such solution for t =1 at d, = d5. Clearly, h(u; 1) =f(d;, d2; w),
h(u;0) =f(d,d*;u) and
Duf(dy,dy;e)=1— (I — A" (DT +1),
Df(d,d*;e)y=1—(I— A" (D 'J+D.
Here,f(-, -;-)isas given in (4.8) and D= diag(d,d*). From (4.10) and (4.11), we have A(d,,dy) N S, =
{1, 1o, ..., i} and A(d,d*) N S, =. Since oy is odd, Lemma 4.6 yields
index(h(:; 1), €*) = index(f (dy, da; ), €°) = (=1)% = —1,
index(h(-;0),e*) = index(f(d, d*;),e)=(=1)"=1.
From Theorems 4.3 and 4.4, there exist positive constants C = Q(_d ,d; ,_d*, dy, A) and C= C(d, d*, A)
such that the positive solutions of (4.13) sqtisfy C <u(x),v(x) <Con 82 forall t € [0, 1].

Define X ={ueX:C <u(x),v(x) <C,xe [_2}. Then h(u;7) 40 for allu € dX¥ and ¢ € [0, 1]. By
virtue of the homotopy invariance of the Leray—Schauder degree (Nirenberg, 2001), we have

deg(h(-;0), ¥,0) =deg(h(-; 1), X,0). (4.14)

Note that both equations /(u;0) =0 and A(u; 1) = 1 have the unique positive solution e* in X', and we
obtain

deg(h(-;0), X, 0) =index(h(-;0),e*) =1,
deg(h(-; 1), X,0) =index(h(-;1),e*) = —1,

which contradicts (4.14). The proof is complete. 0
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5. Discussions

Pattern formation in ecological systems has been an important and fundamental topic in ecology. In
their pioneering work, Segel & Jackson (1972) showed that spatial inhomogeneous patterns occur in
predator—prey systems via Turing instability. However, their analysis indicates that the classical dif-
fusive predator—prey models with prey-dependent functional response, such as the Holling type II
function, cannot give rise to spatial structures through diffusion-driven instability unless the preda-
tors exhibit self-limiting or intraspecific competition. In studying a temperature-dependent reaction—
diffusion predator—prey mite system on fruit trees, Wollkind ez al. (1991) found that Turing instability
occurs in a diffusive Leslie-Gower-type predator—prey model with Holling type II function, that is, a
diffusive Holling—Tanner predator—prey system. This shows that the self-limiting or intraspecific com-
petition effect of the predators can be relaxed if the carrying capacity of predator’s environment is
described by a Leslie-Gower term. Alonson et al. (2002) demonstrated that diffusive predator—prey
models with ratio-dependent functional response can also generate patchiness in a homogeneous envi-
ronment via Turing instability.

The prey-dependent functional response is derived based on the assumption that predators do not
interfere with one another’s activities (Cosner et al., 1999), so the only competition among preda-
tors occurs in the depletion of prey. Predator-dependent functional response, include the Beddington—
DeAngelis function (Cantrell & Cosner, 2001; Zhang et al., 2012) and Crowley—Martin function
(Skalski & Gilliam, 2001), describes mutual interference among predators, a phenomenon in which
individuals from a population of more than two predators not only allocate time in searching for and
processing their prey but also take time in encountering with other predators. The experimental obser-
vations of Skalski & Gilliam (2001) suggested use of the Beddington—DeAngelis functional response
when the predator feeding rate becomes independent of predator density at high prey density and the
Crowley—Martin functional response when the predator feeding rate is decreased by higher predator
density even when prey density is high.

In this paper, we have considered a diffusive Leslie-Gower predator—prey system with a Crowley—
Martin functional response under homogeneous Neumann boundary conditions. After studying the
local stability and Hopf bifurcation in the corresponding ODE system and discussing the invari-
ance, uniform persistence and global asymptotic stability of the coexistence equilibrium for the
reaction—diffusion system, we provided detailed analyses on the spatial, temporal and spatiotemporal
patterns in the reaction—diffusion model via four possible mechanisms. Firstly, we considered Turing
(diffusion-driven) instability of the coexistence equilibrium for the reaction—diffusion system when the
spatial domain is a bounded interval, which produces spatial inhomogeneous patterns. Then we studied
the existence and direction of Hopf bifurcation and the stability of the bifurcating periodic solution
in the reaction—diffusion system, which exhibits temporal periodic patterns. Next we investigated
the interaction of the Turing instability and Hopf bifurcation in the reaction—diffusion system which
demonstrates spatiotemporal patterns. Finally, we established the existence of positive non-constant
steady states of a reaction—diffusion system. Our theoretical results further suggest that mutual
interference between predators and the feeding strategy of predators are the determining factors in
generating spatial and spatiotemporal patterns through predator—prey interaction in a homogeneous
environment (Alonson et al., 2002).

Since the Crowley—Martin functional response function is more general than the Beddington—
DeAngelis functional response function and includes the Holling type II functional response function,
we would like to mention that our results remain true for the diffusive Leslie—-Gower predator—prey
system with the Beddington—DeAngelis functional response and the diffusive Holling—Tanner predator—
prey system.
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Another important property of ecological systems is the existence of travelling wave solutions which
describe how interacting species invade and establish. It would be very interesting to study the exis-
tence of travelling waves in the diffusive Leslie—Gower predator—prey systems with Crowley—Martin or
Beddington—DeAngelis functional response. We leave this for future consideration.

Acknowledgement

This work was completed when the first author was visiting the University of Miami in 2013, he would
like to thank the faculty and staff in the Department of Mathematics at the University of Miami for their
warm hospitality. The authors would like to thank Dr Ying Su and Dr Gui-Quan Sun for their assistance
on the numerical simulations.

Funding

This research was partially supported by the Universities Natural Science Foundation of Jiangsu
Province (11KJB110003), National Natural Science Foundation of China (No.11228104, No.11461040,
No.11401245) and National Science Foundation (DMS-1412454).

REFERENCES

ALONSON, D., BARTUMEUS, F. & CATALAN, J. (2002) Mutual interference between predators can give rise to Turing
spatial patterns. Ecology, 83, 28-34.

BAURMANNA, M., Gross, T. & FEUDELA, U. (2007) Instabilities in spatially extended predator—prey systems:
Spatio-temporal patterns in the neighborhood of Turing—Hopf bifurcations. J. Theoret. Biol., 245, 220-229.

BEDDINGTON, J. R. (1975) Mutual interference between parasites or predators and its effect on searching efficiency.
J. Anim. Ecol., 44, 331-340.

CANTRELL, R. S. & COSNER, C. (2001) On the dynamics of predator—prey models with the Beddington—De Angelis
functional response. J. Math. Anal. Appl., 257, 206-222.

CANTRELL, R. S. & COSNER, C. (2003) Spatial Ecology via Reaction—Diffusion Equations. Series in Computational
and Mathematical Biology. Chichester, UK: John Wiley and Sons.

CAUGHLEY, G. (1976) Plant-herbivore systems. Theoretical Ecology: Principles and Applications (R. M. May ed.).
Philadelphia, PA: W. B. Saunders Co., pp. 94-113.

COLLINGS, J. B. (1997) The effects of the functional response on the behavior of a mite predator—prey interaction
model. J. Math. Biol., 36, 149-168.

COSNER, C., DEANGELIS, D. L., AuLT, J. S. & OLSON, D. B. (1999) Effects of spatial grouping on the functional
response of predators. Theor. Popul. Biol., 56, 65-75.

CROWLEY, P. H. & MARTIN, E. K. (1989) Functional responses and interference within and between year classes of
a dragonfly population. J. N. Am. Benthol. Soc., 8, 211-221.

DEANGELIS, D. L., GOLDSTEIN, R. A. & O’NEILL, R. V. (1975) A model for tropic interaction. Ecology, 56,
881-892.

Du, Y. & Hsu, S.-B. (2004) A diffusive predator—prey model in heterogeneous environment. J. Differ. Equ., 203,
331-364.

FREEDMAN, H. I. & MATHSEN, R. M. (1993) Persistence in predator—prey systems with ratio-dependent predator
influence. Bull. Math. Biol., 55, 817-827.

GILBARG, D. & TRUDINGER, N.S. (2001) Elliptic Partial Differential Equations of Second Order. Berlin: Springer.

HassarD, B. D., KAzZARINOFF, N. D. & WaN, Y. H. (1981) Theory and Applications of Hopf Bifurcation.
Cambridge: Cambridge University Press.

HoLLING, C. S. (1965) The functional response of predator to prey density and its role in mimicry and population
regulation. Mem. Entomol. Soc. Can., 45, 1-60.

GTOZ ‘2 4800100 Uo Afeiqi] BIYo1Y O ONO - IRl 10 AlSBAIUN T /610°S[euIno [pio X0 Tewewu /701y Wwouy papeo|umoq


http://imamat.oxfordjournals.org/

SPATIOTEMPORAL PATTERNS OF DIFFUSIVE PREDATOR-PREY MODELS 1567

Hsu, S.-B. & HUANG, T.-W. (1995) Global stability for a class of predator—prey systems. SIAM J. Appl. Math., 55,
763-783.

HuaNg, J., RuaN, S. & SoNg, J. (2014) Bifurcations in a predator—prey system of Leslie type with generalized
Holling type III functional response. J. Differ. Equ., 257, 1721-1752.

Jost, C. (2000) Predator—prey theory: Hidden twins in ecology and microbiology. Oikos, 90, 202-208.

LEsLIE, P. H. (1948) Some further notes on the use of matrices in population mathematics. Biometrika, 35,
213-245.

LESLIE, P. H. & GOWER, J. C. (1960) The properties of a stochastic model for the predator—prey type of interaction
between two species. Biometrika, 47, 219-234.

LEvVIN, S. A. (1974) Dispersion and population interactions. Am. Nat., 108, 207-228.

LEVIN, S. A. & SEGEL, L. A. (1976) Hypothesis for origin of planktonic patchiness. Nature, 259, 659.

LEVIN, S. A. & SEGEL, L. A. (1985) Pattern generation in space and aspect. SIAM Rev., 27, 45-67.

L1, X., JIANG, W. & SH1, J. (2013) Hopf bifurcation and Turing instability in the reaction—diffusion Holling—Tanner
predator—prey model. IMA J. Appl. Math., 78, 287-306.

L1, Y. & X1a0, D. (2007) Bifurcations of a predator—prey system of Holling and Leslie types. Chaos Solitons
Fractals, 34, 606—620.

Lin, L. S., N1, W. M. & Takagl, L. (1988) Large amplitude stationary solutions to a chemotaxis systems. J. Differ.
Equ.,72,1-27.

Lou, Y. & N1, W. M. (1996) Diffusion, self-diffusion and cross-diffusion. J. Differ. Equ., 131, 79—-131.

MaLcHow, H., PETROVSKIL, S.V. & VENTURINO, E. (2008) Spatiotemporal Patterns in Ecology and Epidemiology:
Theory, Models, and Simulation. Boca Raton: Chapman & Hall/CRC.

May, R. (1973) Stability and Complexity in Model Ecosystems. Princeton, NJ: Princeton University press.

MEIXNER, M., WIT, A. D., BosE, S. & ScHOLL, E. (1997) Generic spatiotemporal dynamics near codimension-two
Turing—Hopf bifurcations. Phys. Rev. E, 55, 6690-6697.

MURRAY, J. D. (1989) Mathematical Biology. Berlin: Springer.

NIRENBERG, L. (2001) Topics in Nonlinear Functional Analysis. Providence, RI: American Mathematical Society.

OKUBO, A. (1980) Diffusion and Ecological Problems: Mathematical Models. Berlin: Springer.

PANG, P. Y. H. & WaNG, M. (2003) Qualitative analysis of a ratio-dependent predator—prey system with diffusion.
Proc. Roy. Soc. Edinburgh, 133A, 919-942.

ROVINSKY, A. & MENZINGER, M. (1992) Interaction of Turing and Hopf bifurcations in chemical systems. Phys.
Rev. A, 46, 6315-6322.

RuaN, S. (1998) Diffusion-driven instability in the Gierer—Meinhardt model of morphogenesis. Natur. Resource
Modeling, 11, 131-142.

RuAN, S., WEL, J. & X1a0, D. (1998) Hopf bifurcation in a reaction—diffusion predator—prey model with group
defence. Advanced Topics in Biomathematics. Singapore: World Scientific Publishing, pp. 219-227.

Ryu, K. & AnN, L. (2005) Positive solutions for ratio-dependent predator—prey interaction systems. J. Differ. Equ.,
218, 117-135.

SEGEL, L. A. & JACKSON, J. L. (1972) Dissipative structure: an explanation and an ecological example. J. Theoret.
Biol., 37, 545-549.

SEGEL, L. A. & LEVIN, S. A. (1976) Applications of nonlinear stability theory to the study of the effects of disper-
sion on predator—prey interactions. Selected Topics in Statistical Mechanics and Biophysics (R. Piccirelli ed.).
American Institute of Physics Symposium, vol. 27, pp. 123-152.

SkALSKI, G. T. & GiLLIAM, J. E. (2001) Functional response with predator interference: viable alternatives to the
Holling Type II model. Ecology, 82, 3083-3092.

TANNER, J. T. (1975) The stability and intrinsic growth rates of prey and predator populations. Ecology, 56,
855-867.

TURING, A. (1952) The chemical basis of morphogenesis. Phiol. Trans. R. Soc. Lond. Ser. B, 237, 37-72.

Wit, A. D., Lima, D., DEWEL, G. & BORCKMANS, P. (1996) Spatiotemporal dynamics near a codimension-two
point. Phys. Rev. E, 54, 261-271.

GTOZ ‘2 4800100 Uo Afeiqi] BIYo1Y O ONO - IRl 10 AlSBAIUN T /610°S[euIno [pio X0 Tewewu /701y Wwouy papeo|umoq


http://imamat.oxfordjournals.org/

1568 H.-B. SHI AND S. RUAN

WoLLKIND, J. D., CoLLINGS, J. B. & BarBa, M. C. B. (1991) Diffusive instabilities in a one-dimensional
temperature-dependent model system for a mite predator—prey interaction on fruit trees: Dispersal motility
and aggregative preytaxis effects. J. Math. Biol., 29, 339-362.

WOLLKIND, J. D., COLLINGS, J. B. & LoGaN, J. A. (1988) Metastability in a temperature-dependent model system
for predator—prey mite outbreak interactions on fruit trees. Bull. Math. Biol., 50, 379-409.

Y1, F, WEL J. & SHI, J. (2009) Bifurcation and spatiotemporal patterns in a homogeneous diffusive predator—prey
system. J. Differ. Equ., 246, 1944-1977.

ZHANG, J.-F,, L1, W.-T. & WANG, Y.-X. (2011) Turing patterns of a strongly coupled predator—prey system with
diffusion effects. Nonlinear Anal., 74, 847-858.

ZHANG, X.-C., SUN, G.-Q. & JIN, Z. (2012) Spatial dynamics in a predator—prey model with Beddington—DeAngelis
functional response. Phys. Rev. E, 85, 021924.1-14.

GTOZ ‘2 4800100 Uo Afeiqi] BIYo1Y O ONO - IRl 10 AlSBAIUN T /610°S[euIno [pio X0 Tewewu /701y Wwouy papeo|umoq


http://imamat.oxfordjournals.org/

	Introduction
	Stability and Hopf bifurcation of the local system
	Stability and bifurcations of the reaction--diffusion system
	Invariance, uniform persistence and global stability
	Turing instability
	Hopf bifurcation
	Turing--Hopf bifurcation

	Positive non-constant steady states
	A priori estimates
	Non-existence of positive non-constant steady states
	Existence of positive non-constant steady states

	Discussions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 175
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50286
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG2000
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 175
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50286
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG2000
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 175
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.50286
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
    /ENN ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


