arXiv:submit/6287533 [math.GT] 17 Mar 2025

The mapping class group action on the odd character variety is faithful

Aliakbar Daemi and Christopher Scaduto

Abstract

The odd character variety of a Riemann surface is a moduli space of SO(3) representations
of the fundamental group which can be interpreted as the moduli space of stable holomorphic
rank 2 bundles of odd degree and fixed determinant. This is a symplectic manifold, and there is
a homomorphism from a finite extension of the mapping class group of the surface to the sym-
plectic mapping class group of this moduli space. When the genus is at least 2, it is shown that
this homomomorphism is injective. This answers a question posed by Dostoglou and Salamon
and generalizes a theorem of Smith from the genus 2 case to arbitrary genus. A corresponding
result on the faithfulness of the action on the Fukaya category of the odd character variety is also
proved. The proofs use instanton Floer homology, a version of the Atiyah—Floer Conjecture,
and aspects of a strategy used by Clarkson in the Heegaard Floer setting.

1 Introduction

Let >, be a Riemann surface of genus g. Consider the moduli space M, of flat connections on a
non-trivial SO(3)-bundle P over ¥, modulo the gauge group consisting of gauge transformations
that lift to SU(2). Via holonomy, M, may be identified with the space of conjugacy classes of
homomorphisms from 71 (X4\p) to SU(2) which map loops around p € ¥, to —1. Because of this
description, M is sometimes referred to as the odd character variety. By a result of Narasimhan
and Seshadri [NS65], M, may be identified with the moduli space of stable holomorphic rank 2
bundles over X, with some fixed odd degree determinant. The moduli space M, is a smooth closed
manifold of dimension 6g — 6 and has a natural symplectic structure [AB83]. It has been extensively
studied for more than half a century, see for example [Tha97].

Any diffeomorphism of X, lifts to an automorphism of the bundle P and the space of all such
lifts up to the action of the gauge group is a copy of H* (X4;Z/2). This determines an extension of
the mapping class group Mod(2,) = moDiff* (3,) of the form

1— H'(S4;7/2) —» Ty > Mod(%,) — 1. (1)

Taking pullback of flat connections on P with respect to a representative of an element of fg deter-
mines a symplectomorphism of M. There is an induced homomomorphism

p: Ty — moSymp(M,)
where the target is the symplectic mapping class group of M . The main result proved here is:

Theorem 1.1. For g > 2, the homomorphism p is injective.



The question of whether p is injective was raised in the early 1990s by Dostoglou and Salamon
[DS93, Remark 5.6], see also [Sei97]. The homomorphism p was studied by Smith [Smil2],
who showed that p is injective if g = 2; he furthermore showed, for all g, that p does not fac-
tor through Sp(2g,Z). One may also consider the homomorphism p composed with the forgetful
map to moDiff " (M,). However, there is evidence that this homorphism has large non-trivial kernel
in general, see the introductory discussions in [Smil2, Sei97].

In [Smil2], Smith establishes the injectivity of p for ¢ = 2 by first proving an equivalence
between a version of the Fukaya category of the surface 35 and that of the moduli space Ms, which
may be viewed as a version of Witten’s Conjecture [Wit94], see also [Smil2, §1.6]. Smith then
obtains the g = 2 version of Theorem 1.1 from known results about the action of the mapping class
group on Fukaya categories of Riemann surfaces.

The methods of this paper are different than those of [Smil2] and rely on 3-manifold topology.
Nevertheless, we obtain the following result about the Fukaya category of the moduli space M,
which has Theorem 1.1, in the cases g > 3, as an immediate consequence.

Theorem 1.2. For g > 3, the action of p on the monotone Fukaya category of M, is faithful.
Specifically, for ¢ € T'j\{0}, there is a pair of simply-connected Lagrangians L and L' in My such
that the Lagrangian Floer homology groups HF (L, L') and HF (L, p(¢)(L')) are not isomorphic.

The Lagrangian Floer groups appearing are defined as in [Oh93], built upon the work of Floer
[Flo88]. Note that M, is monotone and thus any simply-connected Lagrangian in M, is also mono-
tone in the sense of [Oh93]. For the case g = 2, our arguments sllow that the action of p on the
Fukaya category has kernel contained in an order 2 subgroup of I'; generated by a hyperelliptic
involution. See Remark 3.4 for more details.

The proofs of Theorems 1.1 and 1.2 involve several ingredients. The first is Floer’s SO(3)
instanton homology for admissible bundles over 3-manifolds [Fl095] and a non-vanishing criterion
in this setting for irreducible 3-manifolds due to Kronheimer and Mrowka (Proposition 2.1). The
second is a version of the Atiyah—Floer Conjecture for admissible bundles (Theorem 2.3) proved by
Fukaya, Lipyanskiy and the first author [DFL]; this relates instanton homology to the symplectic
topology of M,. Finally, several arguments from Clarkson’s work in the Heegaard Floer setting
[Clal7] are adapted and used, together with the previous ingredients, to obtain the results.

The idea of using instanton homology to understand the symplectic mapping class group of M,
is implicit in the work of Dostoglou and Salamon [DS93], who proved a version of the Atiyah—Floer
Conjecture for mapping tori.

This paper is organized as follows. In Section 2, the requisite background on instanton Floer
homology is reviewed, and in Section 3 the main line of argument for Theorems 1.1 and 1.2 is car-
ried out. In Section 4, additional questions and conjectures are discussed.
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2 Background on instanton Floer homology

Let (Y,w) be a pair consisting of a connected closed oriented 3-manifold Y and an embedded
unoriented 1-manifold w < Y. There is an SO(3)-bundle E,, — Y naturally associated to w < Y’
such that [w] € H(Y;Z/2) is Poincaré dual to wy(FE,,). An embedded orientable surface R < Y’
is nice if the algebraic intersection w - R is odd. The pair (Y, w) is admissible if it admits a nice
surface. Given such a pair, Floer constructed [Flo95] its instanton homology

I*(Y7 w)a

an abelian group with a relative Z/8-grading. This group is determined up to isomorphism by Y and
the class [w] € H1(Y;7Z/2). As explained in [KM 10], a nice surface for (Y, w) induces a 4-periodic
involution on I, (Y, w), and the quotient I,.(Y, w)p is a relatively Z/4-graded abelian group.

Proposition 2.1. Suppose (Y, w) is an admissible pair. Then we have:
L(Y,w)=0 <= YxY'#S'x5? w-5%o0dd. )
In particular, if Y is irreducible, then I.(Y,w) # 0.

Proof. The “<” implication follows easily from the construction of I..(Y,w) and the fact that
there are no flat connections on the non-trivial SO(3)-bundle over the 2-sphere. To prove the “="
direction, we use the framed instanton homology

I (Y,w) == L(Y#T3,w U u)r

where u := St x {pt} and T := {pt} x S x S'. Note that I# (Y, w) is defined for any pair (Y, w),
not just admissible ones. The argument of [DIS, Cor. 5.21], relying on machinery of [KM10], shows
that I# (Y, w; Q) # 0if Y is irreducible and b;(Y) > 0. Indeed, these conditions guarantee the
existence of a surface with non-trivial homology class and positive Thurston norm. If b, (Y") = 0, by
[Scal5, Cor. 1.4] the Euler characteristic of the framed instanton homology of (Y, w) forany w < Y
is equal to |H1(Y'; Z)| and thus 17 (Y, w; Q) # 0. Using the Kiinneth formula of [KM11, §5.5],

IFY#Y wow';Q) = IF(Y,w;Q) @ I* (Y, v';Q),

together with the prime decomposition of Y and the computation /. f (S' x S%, &) = 72, we obtain
that 17 (Y, w; Q) # 0 if and only if Y splits off an S* x S? summand where w has odd pairing with
S2. Finally, for any admissible pair (Y, w), the connected sum result of [Scal5, §9.7] shows that
the rank of 7, (Y, w) is bounded below by that of I # (Y, w), yielding the claim. O

Remark 2.2. The result that I,.(Y, w) is non-zero for admissible pairs (Y, w) with Y irreducible
is originally due to Kronheimer and Mrowka [KMO04, KM 18], and this is the substantive part of
the proposition that is used below. Tye Lidman was also aware of an extension of Kronheimer and
Mrowka’s result to more general admissible pairs.



An admissible splitting of an admissible pair (Y, w) is a decomposition
(K w) = (Yia wl) Y(zv) (Y27w2) 3)

where each connected component of ¥ is a nice surface for (Y, w), Y7 and Y5 are connected oriented
3-manifolds with 0Y; = ¥ = —0Y5, and w; < Y; are properly embedded unoriented 1-manifolds
with dw; = v, where v is a collection of points on X. Note that #uv is necessarily an even integer,
while the number of points in the intersection of v and each connected component of ¥ is odd.
In particular, ¥ has an even number of connected components, and as an additional requirement
on admissible splittings, we require that X has two connected components. The bundle E,, over
Y restricts to bundles E,, over Y; and a bundle F, over ¥. The moduli space M (X, v) of flat
connections on £, modulo the determinant 1 gauge group is the smooth closed symplectic manifold
given as the product of the odd character varieties associated to the components of . The flat
connections on FEj,, after a small perturbation, determine an immersed Lagrangian L(Y;, w;) <
M (3, v). Fukaya, Lipyanskiy and the first author proved the following result, which is a variation
on what is known as the Atiyah—Floer Conjecture [Ati88].

Theorem 2.3 ([DFL]). Suppose that there exist small perturbations such that the Lagrangians L; :=
L(Y;,w;) € M(X,v) are embedded. Then the Lagrangian Floer homology HF (L1, L9) is defined
as a relatively 7./4-graded abelian group, and there is a homogeneously graded isomorphism:

I*(K w)z = HF*(Ll, LQ).

We consider a particular family of decompositions (3). Let H be a standard oriented handlebody
of genus g > 2, obtained from the 3-ball by attaching g-many 1-handles. Choose an identification
of 0H with ¥/, a closed oriented surface of genus g. Let ¢ — H be a loop in H formed by
taking the core of one of the 1-handles and closing it up inside the 3-ball. Remove an open regular
neighborhood N(c) < int(H) of ¢ to obtain H°. Let T' < JdH® denote the boundary 2-torus
of the closure of N(c). Note that 0H° is the disjoint union of 7" and ;. The manifold H° is an
example of a compression body, and may also be viewed as obtained from [—1, 1] x 72 by attaching
(g — 1)-many 1-handles to {1} x T, with T corresponding to {—1} x T2.

Let w’ < int(H°) be a circle formed by the core of another 1-handle, and w” < H° a small
properly embedded arc that runs from ¢ € T to p € X,. See Figure 1. Let ¢ : X, — X, be an
orientation-preserving diffeomorphism such that ¢(p) = p. Take two copies Hy and H5 of H®,
where HY is oriented as is H°, and H5 oriented oppositely. Define wy = w} v w) < Hy and
wy = wh < Hs. Then we may form an admissible pair

(Yo, wy) == (Hy,w1) Uis, ot py) (Hy, w2) “4)

by gluing 0Hy — 0Hj using ¢ on the 3, boundary components, and using the identity map on the
T boundary components. By construction, (4) is an admissible decomposition of (Y, wg).

Noting that the genus 1 moduli space M, = M(T,t) consists of a single point, the relevant
symplectic manifold M (3, U T, {p, t}) is naturally identified with M.

Lemma 2.4. Fori € {1, 2}, the unperturbed Lagrangian L; :== L(H;,w;) is embedded in M.
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Figure 1: The compression body H® is a genus g handlebody (here g = 3) with an open neighborhood of
a core 1-handle removed. The boundary created by this removal is the 2-torus 7', which in the picture sits
interior to the outer boundary 3,. The circle w’ is another core, and w” is an arc from 7" to X,,.

Proof. This follows from [DFL, Prop. 2.21], which in the general case of a decomposition (3)
states that the unperturbed Lagrangian L(Y7,w;) is embedded in M (X, v) if for some connected
component ¥y ¥ the inclusion induces a surjection w1 (Xg) — 71(Y7). In the case of interest, the
inclusion of the boundary 3, < dH* clearly induces a surjection 71 (X,) — 71 (H°). O

The construction of (Y, w,) depends only on the class [¢] € Mod(X,, p) := moDiff* (X, p).
Recall the Birman exact sequence (see [FM 12, §4.2]):

1 - m(Xg,p) — Mod(Eg, p) — Mod(3,) — 1 5)

where elements of 71(X4, p) give mapping class elements that are “push maps” dragging along a
given loop based at p. The moduli space M, has the concrete description

Mg ={(A1,...,Ay,B1,...,By) € SU(2)%9 : [Ay,By]--- [Ag4, Byl = —1}/SU(2)  (6)

where the SU (2)-action conjugates a tuple (A;, B;) to (gA;g~ ', gB;g~') for a given g € SU(2).
The identification (6) follows from the description of M, in terms of flat SO(3)-connections. One
lifts the SO(3)-bundle over ¥,\{p} to a trivialized SU(2)-bundle, and A;, B; are defined to be
the holonomies of an SU(2) lift of a given flat SO(3)-connection to this trivialization, where the
holonomies are taken along a standard generating basis for the fundamental group. In actuality, to
make these holonomies explicit, one should choose a basepoint in ¥,\{p} to base all loops, but we
will suppress this choice in what follows.

The Lagrangians L; = L(H],w;) < M, for i € {1,2} may be described in similar terms.
Consider first Lo, which is the space of flat SO(3)-connections in M, that extend to a flat connection
on the manifold-bundle data (HS,ws). View HS as [—1,1] x T2 with (g — 1)-many 1-handles
attached to {1} x T, The arc wy = w} may be viewed as [—1,1] x {g} where ¢ is away from the 1-
handle attachments, and p = (1, ¢). Extend the trivialized SU (2)-bundle over 3,\{p} from above to
H3\ws. Then the flat connections of interest are those that extend to this trivialized SU (2)-bundle
and which have holonomy —1 around meridional loops of ws. Then we may identify

Ly={(A:i,B)eSU(2)* : Bi=1(1<i<g-—1), [A,,B,] = —1}/SU(2). (7)



Indeed, the holonomy B; for 1 < i < g — 1 is along a loop in ¥,\{p} which we may arrange to
bound the cocore disk of the i*" 1-handle of Hy, yielding B; = 1 in these cases. The elements
Ay, By are the holonomies around the two circle factors of {1} x T2

The case of L; is similar. In this case recall that w; consists of two components w} and wf.
The only change in the above discussion involves By, say, which records the holonomy around a
meridian of the loop w}. The condition that the trivialized SU(2)-bundle over H{\w; does not
extend over w] translates into the condition B; = —1. We obtain

Li={(A,B) e SUR)¥ : Bi=—1, Bi=1(2<i<g-1), [Ag, B)] = —1}/SU(2). (8)
We remark that for ¢ € {1, 2} there are diffeomorphisms
L; = L(H} ,w;) = SU(2)97 1 )

Indeed, the diffeomorphisms are determined by taking a tuple (A;, B;) in either of the cases (7) and
(8), conjugating the tuple so that we have

i 0 0 1
AQZ{O—J’ Bg:{—1 0}’

and then forgetting By, ..., By, A, to obtain (Ay, ..., A,_1) € SU(2)97L.

A diffeomorphism ¢ as above induces a symplectomorphism f, : My, — M,. In fact, fy4
depends only on [¢] € Mod(X,,p). Considering f4 up to symplectic isotopy leads to a homo-
morphism Mod(X,, p) — moSymp(M,). As explained by Smith [Smil2, §2.1], this construction

~

factors through a homomorphism p : I'y — mSymp(M,) where the group fg is a quotient of
Mod(>,, p) and fits into the exact sequence (1). This follows from the fact that the action on M,
induced by the push map associated to a class in w1 (X, p) depends only on the associated class in
H,(X4;Z/2). 1dentifying H,(X4; Z/2) with H'(X,; Z/2) by Poincaré duality, the action is

(ai,bi) - (Ai, By) = ((—1)“ Ay, (-1)" B;) (10)

for (a;, b;) € (Z/2)* ~ H'(X,;Z/2), where this last identification is induced by the same gener-
ating set of loops as is used in describing M,,.

Proposition 2.5. Let ¢ : (Xy,p) — (X4,p) be a diffeomorphism. If I.(Yy, wy) # 0, then there
exists a pair of simply-connected Lagrangians L and L' embedded in M such that

HF(L, ') # HF(L, 5(6)(L')).
In particular, p(¢) # 0 = [id] € moSymp(M,).
Proof. Writing L; = L(H;,w;) as above, Theorem 2.3 and the assumption I, (Y, wg) # 0 gives
I (Yg, wg)s,or = HF (L1, p(¢)(L2)) # 0. (11

Here we conflate p(¢) with the representing symplectomorphism fy : M, — M, induced by ¢. On
the other hand, as L; and L» are disjoint, see (7)—(8), we have

HF, (L1, Ly) = 0. (12)



One may also see this vanishing via Theorem 2.3, which identifies the Lagrangian Floer homology
group (12) with a subgroup of I,.(Yiq, wiq). The latter group vanishes by Proposition 2.1, upon
observing that Y;q = #9181 x S2#T3 and w;q has odd pairing with one of the 2-spheres in this
decomposition, thanks to the core w} < w;. In any case, as L and Lo are simply-connected by (9),
the first claim of the proposition follows.

For the claim regarding p, suppose p(¢) = 0, so that f, is symplectic isotopic to the identity
map on M,. As M, is simply connected [New67, Cor. 2], this implies that f4 is Hamiltonian
isotopic to the identity. Lagrangian Floer homology is invariant under Hamiltonian isotopies of
either Lagrangian, and so (11) and (12) are isomorphic, a contradiction. O

3 Proofs of theorems

We now prove Theorems 1.1 and 1.2. Let G be the subset of fg consisting of those ¢ such that
HF(L, 5(¢)(L')) = HF(L, L')

as groups, for all simply-connected Lagrangians L and L’ in M,. The statement of Theorem 1.2
is equivalent, in the cases g > 3, to the subset GG consisting only of the identity class. Analogous
to [Clal7, Prop. 2.2], we claim that G is a normal subgroup of fg. To see this, first note that the
identity element is in G, and if ¢1, ¢ € G, then for any Lagrangians L, L’ as above we have

HE(L, p(¢1¢5 ' )(L)) = HF(L, p(1) (p(¢2) "' (L))
=~ HF(L, p(¢2) (L)) = HF(p(¢2)(L), (L")
~ HF(L, L)

where the first line to second uses ¢1 € G and the second to third uses ¢ € G. Thus G is a
subgroup. To see that it is normal, let ¢ € G and ¢ € I'y. Then

HE(L, (v~ éw) (L") = HF(p(¥)(L), p(9) (6(v)(L")))
= HF(p(v)(L), p(¢)(L)) = HF(L, L')

where the first line to second uses ¢ € G. Thus ¢~ '¢1) € G, and G is normal.

Lemma 3.1. Let ¢ : (Xg,p) — (X4, p) be a push map representing a nontrivial class in the image
of the homomorphism H'(X,;Z/2) — T',. Then [¢] ¢ G.

Proof. Let ¢ be the push map which pushes p € ¥, through the loop corresponding to A; in the
description (6). By Poincaré duality this corresponds to the class (a;, b;) € (Z/2)% ~ H'(S4;7Z/2)
with by = 1 and all other entries zero. The action of this element on M, is given by (10), induced
by changing the sign of Bj. In particular, we have f4(L1) = Lo. Invoking Theorem 2.3, we have

HF.. (L2, p(¢)(L1)) = HFx(Lg, Lo) = Li(Yia, u)s,or (13)

where w is the union of the two arcs w] and w/. In particular, unlike wig, the 1-manifold u does
not contain the circle w}. Observing Yig = #9191 x S?4T3 and that u is a circle factor of T3
in this decomposition, we have I, (Yiq,u) # 0 by Proposition 2.1, and thus (13) is non-zero. That
[¢] ¢ G now follows from Proposition 2.5. The proof is completed by noting that any other ¢ as in
the statement is related to the above one by some diffeomorphism of X,,. O
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Figure 2: Schematic diagrams of Y, Y7 and Y. First, Y;, is obtained by gluing Hy to Hj along 3, using ¢
and along 7' using the identity. Y’ is obtained from Y by cutting along 7". qu is obtained from Y] by filling
in the resulting T-components; it is the Heegaard splitting formed by the two handlebodies H; and H> glued
along X, via ¢. The curves wy; = wj v w{ < HY and wy = wj < Hj are also indicated.

Here is another viewpoint of the above argument. Let ¢ be the push map as in the proof. Then
¢ is isotopic to the identity (forgetting the basepoint) by an isotopy which undoes the pushing of the
point around the loop corresponding to A;. This induces a diffeomorphism

Yy = Yig = #9718 x S2HT3. (14)

However, under this diffeomorphism, the 1-manifold wy does not go to the isotopy class of wiq.
Indeed, While wjq simply passes through p € ¥, < Yjq going from one compression body to the
other, wy as viewed in Yjq is isotopic to a curve which is wjq away from X, and which at >, stops
at p to go around the loop corresponding to A;. As this latter loop is homologically the same as w]
in Hy, we see that under (14), [w,] goes to [u] € H;(Yig; Z/2), the circle factor of 7.

Lemma 3.2. Assume g > 3. To establish G = {1}, it suffices to show that [¢] ¢ G for all
¢ : (2g,p) — (X4, p) whose image in Mod(X,) is Torelli and pseudo-Anosov.

Proof. Let K < Mod(X,) be the image of G under fg — Mod(%,). Note that K is a normal
subgroup of the mapping class group. By [Clal7, Prop. 2.3], assuming g > 3, any normal subgroup
of Mod(X,) which contains no pseudo-Ansosov elements of the Torelli group is trivial.

From the exact sequence (1), we obtain that G is in the image of H'(X,;Z/2) — f‘g. However,
Lemma 3.1 shows that the intersection of G with this image is the trivial group. O

A variation on the gluing construction (4) yields the 3-manifold
Y(; = Hy uy ; H,

which is formed by gluing 0H; — 0H> using ¢. As Hy and H» are handlebodies, this construction
endows qu with a preferred Heegaard splitting. Alternatively, Y(; is the result of cutting Y along T'
and on each side filling in the resulting 7'-component of 0H; to obtain H;.

Suppose two surfaces R and S in a 3-manifold intersect transversely in a circle which bounds
a disk D < R. Take a small regular neighborhood of D identified with D x [—1, 1] for which
SN D x[—1,1] = 0D x [—1,1]. Then surgery of S along D is the operation of replacing .S with
the surface which is the union of S\D x [—1,1] and D x {—1,1}.



Lemma 3.3. Suppose that ¢ descends to a mapping class in the Torelli group, and that the Heegaard
splitting of ng is irreducible. Then Yy is irreducible.

Proof. Suppose Yy is reducible. We first argue that a reducing sphere can be chosen so that it does
not intersect ' < Y. Let S < Y be a reducing sphere for which the number of components
of S n T is minimal among all reducing spheres which are transverse to 7". Suppose there is a
component « of S n T that bounds a disk D < T. Do surgery of S along D to obtain spheres
S1 and Sy each of whose intersection with 7" has fewer components than did S. Suppose each S;
bounds a ball B; < Y. If By n By = (J, then gluing them back along D shows that S bounds
a ball, a contradiction. Otherwise, without loss of generality, the interior of B; contains By. In
this case, we can isotope S to remove « from S n 7T by pushing S n So through D, contradicting
minimality as well. Thus S n T does not contain any component which bounds a disk in 7.

It follows that S " T" consists of a collection of parallel essential simple closed loops in the torus
T. Let N(T') < Y, be an open regular neighborhood of 7" and consider

YS = Y,\N(T) = H} us,, Hs (15)

where the gluing along X, is by ¢. See Figure 2. Then S’ := S\N(T') is a planar surface in Yy
Note that H:(T'; Z) — Hi(Y; Z) is injective by the construction of Y7 and the assumption that ¢
acts trivially on H,(X,; Z). Therefore S’ has no disk components. Observe that .S is obtained from
S’ by gluing along its circle boundary components, so x(S) = x(S’); since S’ is planar with no
disks, x(S") < 0, implying x(S) < 0, a contradiction.

Thus a reducing sphere .5 can be chosen such that S n 7" = f, and we may view S < Y. The
decomposition (15) is a Heegaard splitting of a compact 3-manifold into two compression bodies
in the sense of Casson and Gordon [CG87]. Their Lemma 1.1, which is a variation on a theorem of
Haken, guarantees the existence of a reducing sphere .S that intersects X, transversely in one circle.
But S may also be viewed inside the closed 3-manifold Y(; with its Heegaard splitting, which by
assumption is irreducible. Thus S n ¥, must bound a disk on X,. Do surgery of S < Y(; along this
disk to obtain two spheres S; < H? where i € {1,2}. Since compression bodies are irreducible,
each of S7 bounds a ball in H;. Gluing these balls back along the surgery disk shows that .S bounds
a ball, a contradiction. Thus no such reducing sphere exists, and Y is irreducible. O

Proof of Theorem 1.2. Let ¢ : (34, p) — (X4, p) be any diffeomorphism that descends to a pseudo-
Anosov mapping class in the Torelli group. By Lemma 3.2 and the assumption g > 3, to prove the
theorem it suffices to show that [¢] ¢ G.

We explain how the arguments of [Clal7] adapt to yield a diffeomorphism 7 closely related to
¢ for which the Heegaard splitting of Yé is irreducible. First recall that the curve complex C'(X)
is the simplicial complex whose vertices are isotopy classes of essential simple closed curves on ¥,
and n-simplices corresponding to collections of (n + 1)-many disjoint essential closed curves. A
distance function on vertices of C'(X,) is defined by assigning length 1 to the edges in C'(X,).

The genus g handlebody H determines a set of vertices Vg < C(3,) given by the essential
simple closed curves that bound disks in H. Let ¢y be a diffeomorphism of ¥,. As observed by
Hempel, d(Vi, ¢o(Vr)) = 1if and only if the Heegaard splitting of Y3, is irreducible. Further-
more, by [HemO1, ASO5], if ¢g : Xy — X4 is pseudo-Anosov with stable and unstable laminations
not in the closure of Vg, all viewed inside the space of projective measured laminations of Y., then

lim d(Ve, ¢5(Va)) = . (16)

9



While (16) might not hold for the given ¢, the argument of [Clal7, Lemma 4.7] shows that there
exists another pseudo-Anosov ¢ : ¥, — X, for which the stable and unstable laminations of
¢o := ¢~ are not in the closure of Vy;. Then there exists an integer N > 0 such that

0=ty

has d(Vy,n(Vy)) = 1, and in particular the Heegaard splitting of Y is irreducible.
Isotope ¢ to satisfy 1)(p) = p, and form the pair (Y;,,w,) using 7. Given that the Heegaard
splitting of Y7; is irreducible, Lemma 3.3 implies Y, is irreducible, and Proposition 2.1 yields

L (Y, wy) # 0.

From this non-vanishing and Proposition 2.5 we obtain [1] ¢ G. As n = ¢ )~! and G is normal,
we obtain [¢]" ¢ G, and hence [¢] ¢ G, completing the proof. O

Proof of Theorem 1.1. For g = 3, Theorem 1.1 is implied by Theorem 1.2, and so we may assume
= 2. By [Clal7, Prop. 2.3], in the case g = 2, any normal subgroup of Mod(X,) which contains
no pseudo-Ansosov elements of the Torelli group is either the trivial subgroup or is the order 2
subgroup consisting of the hyperelliptic involution. Thus when g = 2, the above arguments imply
that K, the image of G under fg — Mod(%,), is one of these two subgroups.
Let G’ be the kernel of p and K’ its image in Mod(X,). Then G’ < G and K’ < K. To show
that K’ is trivial, we must show that p(¢) = [fs] # 0 where fy : My — My is associated to a
hyperelliptic involution ¢. Following for example [Tha97], there is an isomorphism

H3(My;Z) =~ Hy(39; Z)

which intertwines the action of (f,). on H3(Ma; Z) with that of ¢, on Hy(32;7Z). For ¢ a hyper-
elliptic involution, ¢, is negation, and thus (fy)s is not the identity. In particular, f, is not even
homotopic to the identity, and consequently p(¢) = [fs] # 0. Thus K’ is trivial.

From the exact sequence (1), we obtain that G’ is contained in the image of H'(X,;Z/2) in
f‘g. However, as G intersects this image trivially, so too does G'. (In fact, Smith already showed in
[Smil2, Lemma 2.9] that p is injective on this image.) Thus G’ = ker(p) is trivial. O

Remark 3.4. In the case g = 2, the proof of Theorem 1.2 shows that the kernel of p maps into
an order two subgroup of Mod(X,). As Lemma 3.1 implies that the intersection of ker(p) with the
image of H'(3,;7Z/2) is the trivial subgroup, we obtain that ker(p) itself is contained in an order
two subgroup of fg generated by a hyperelliptic involution that fixes the basepoint p € X,.

4 Further questions

Assume g > 2. As mentioned in the introduction, the question of whether p is injective was already
rasied in [DS93, Remark 5.6], which also includes the following problem:

Problem 4.1. Is p : f‘g — moSymp(My) surjective? That is to say, is any symplectomorphism of
M symplectically isotopic to the symplectomorphism induced by an element of I';?
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A related and perhaps more tractable question is the following. Let H° be the compression body
introduced in Section 2 and w be any properly embedded arc connecting the boundary components
of H°. Let L = L(H°,w) be the associated Lagrangian in M,. Applying p(¢) to L as ¢ ranges
over fg gives a collection of Lagrangians in M.

Problem 4.2. Does the family of Lagrangains {ﬁ<¢)(L)}¢efg split generate D™.% (My;0)?

In the case g = 2, this problem was answered affirmatively in [Smil2, Lemma 4.15]. We refer
the reader there for the precise definition of D™.% (M,;0), which is the summand of the derived
Fukaya category D™.% (M) of M, given by monotone Lagrangians whose potential classes are 0.
The Lagrangian L, and hence all the Lagrangians in the above collection, are orientable, spin and
monotone with Maslov number 4. In particular, they have trivial potential class and belong to the
summand .% (Mg; 0) of the Fukaya category of M,.

Smith’s approach to prove Theorem 1.1 for ¢ = 2 is based on the notion of Floer-theoretic
entropy. For a symplectomorphism 1) : M, — Mg, he defines the Floer-theoretic entropy of ¢ as

Pt (1) 1= limsup + log rk(HF(4")

where H F'(¢™) denotes the fixed Floer homology of the symplectomorphism ). In the case that
Y = p(¢) for [¢] € Mod(X,, p), this Floer homology group is isomorphic to the instanton Floer
homology of (M, we), the mapping torus of ¢ [DS94]. The following is implicit in [Smil2]:

Problem 4.3. Let ¢ € f‘g with g = 2 have a pseudo-Anosov component. Does p(¢) have strictly
positive Floer theoretic entropy?

Smith shows that a positive answer to this question implies that p is faithful. Furthermore, he shows
the answer to this question is positive when g = 2. Our proof of Theorem 1.1 does not immediately
say anything about the entropy of p(¢).

We may consider similar problems of moduli spaces for other principal G-bundles over X,. For

example, denote by My’ @ the moduli space of flat connections on some U (n)-bundle P — 3, with
fixed determinant connection, where ¢ (P)[3,] = d. This moduli space has the description

M;L,d = {(Alv <o 7AgaBl> . '7Bg) € SU(”)Qg : [AlaBl] e [Ag7Bg] = CdI}/SU(n)

where ( = 2™/ =1/ and the action is by conjugation. The moduli space M, studied in this paper is
Mg2 1 In general, when n and d are coprime, My “is a smooth symplectic manifold of dimension
My 4 = 2(n? —1)(g — 1), and diffeomorphisms X, — ¥, preserving a basepoint naturally induce
symplectomorphisms as before. The diffeomorphisms induced by push maps from 7 (34, p) in (5)
factor through an action of (a;, b;) € H(2,;Z/n) = (Z/n)% that sends (A;, B;) to (¢% A;, (% B;).
Therefore there is an extension generalizing (1),

1 — HY(S4;Z/n) — T4 — Mod(Z) — 1,
and an induced homomorphism p from fg’d to the symplectic mapping class group of M’ 4,

Conjecture 4.4. For (n,d) coprime, p : T Z’d — moSymp(Mg' 4 is injective.

11



The authors expect that the strategy of this paper used for the case (n, d) = (2, 1) may be adapted to
prove the more general Conjecture 4.4. The relevant U (n) instanton homology groups are available
from work of Kronheimer and Mrowka [KM11b]. The remaining essential ingredients needed for
the strategy are an analogue of Proposition 2.1, which already follows in the case n = 3 from [DIS],
and a higher rank analogue of the Atiyah—Floer Conjecture result of Theorem 2.3, which the authors
expect is within reach by the methods already utilized in the U (2) case.

The above problems may also be formulated in the cases in which (n, d) are not coprime. For
simplicity we focus our attention on the particular case of the SU(2) moduli space

M2° = Hom(m1 (), SU(2))/5U(2).

In this case, the mapping class group of X, itself acts on Mg ¥ It would be interesting to see to
what extent the analogue of p in this setting is injective. A problem along these lines for M, g2 0 was
proposed by Robert Lipshitz for the upcoming K3 problem list, an update to Kirby’s problem list
[Kir97]. As M, 92 0 is not smooth, to formulate this problem one must decide on a suitable definition
of the symplectic mapping class group. For example, the natural symplectic form is still defined
on the dense smooth stratum of irreducibles in Mg2 ¥ and a diffeomorphism may be considered
symplectic if it preserves the symplectic form on this stratum. We remark that for g = 2, the work
of Ruberman [Rub99] implies that the hyperelliptic involution acts trivially on M. 22 0,

Alternatively, we may view the action of the mapping class group on the SU (2) character variety
M, 92 Y in terms of extended moduli spaces introduced in [Jef94, Hue95]. The representation theoretic
definition of the extended moduli space corresponding to M, 92 g given as

Ny :={(p,¢) : p:m(X4\p) = SU(2), ¢ € su(2), pis a homomorphism, p(p) = exp(27()},

where 4 is a small loop around p. Let N denote the subspace of N, given by the pairs (p,¢)
with |¢| < r, where we use the convention that |diag(i, —i)| = 1/4. For r < 1, the space N is a
smooth manifold. Further, there is a closed 2-form on /V, g<7’ which is a symplectic form for r < 1/2.
Simultaneously conjugating p and ¢ defines an action of SU(2) on N, which factors through SO(3).
For r = 1/2, this action on N is Hamiltonian and the moment map ® : N — su(2) is given
by projecting (p, ) to ¢. From this description, it is clear that the symplectic quotient

N;"//SO(3) := @71(0)/SO(3)

for any » < 1/2 is homeomorphic to Mg2 ¥ and this identification is a symplectomorphism away
from the singular locus of ]\492 ¥ One can then reformulate questions related to the singular space
Mg2 1o equivariant questions involving N;*". For instance, a slight variation of V" was used to
formulate the Atiyah-Floer conjecture for SU(2)-bundles [MW 12, DF18, Caz24].

Analogous to the case of the odd character variety, any [¢| € Mod(%,, p) determines a home-
omorphism of Ny, which induces a symplectomorphism of N for r < 1 /2. Any such symplec-
tomorphism is equivariant with respect to the SO(3) action on N, g<7". As one possible formulation
of the above faithfulness problem, it would be interesting to identify the kernel of the above homo-
morphism from Mod(X,, p) to the equivariant symplectic mapping class group of N, g<7".

There is yet another family of character varieties that may be considered. For any odd positive
integer k, let 7 be a set of k points in X4, and define

Mgy = {p:m(E4\m) = SU(2) : pisahomomorphism, Trp(n) = 0}/SU(2)
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where p runs over all small meridional loops around the elements of 7. This is again a smooth Fano
variety, which can be identified with a moduli space of parabolic bundles as well as a moduli space
of orbifold flat connections. Let Mod(3J,, ) be the mapping class group of diffeomorphisms of 3,
that map 7 to itself as a set. This gives rise to a homomorphism

p : Mod(E,, m) — moSymp(M, k). 17

Conjecture 4.5. Let (g,k) be a pair of non-negative integers such that k is odd and (g,k) ¢
{(0,1),(0,3), (1,1)}. Then the homomorphism p : Mod (X, 7) — moSymp(Mg 1) is injective.

The faithfullness of p in (17) for (g,d) = (0,5) is established in [Sei08]. The authors expect that
an analogue of Theorem 2.3 may be proved, involving the moduli spaces M, ;, and Kronheimer and
Mrowka’s singular instanton homology for links [KM11b], and furthermore that the strategy of this
paper may be adapted to address Conjecture 4.5.
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