Math 562/662 Spring 2024
Homework 4 Drew Armstrong

1. Extending Ring Homomorphisms to Polynomials. Given a ring homomorphism
¢ : R — S we define the function ¢ : R[z] — S[z] by sending f(z) = >, axz” to

z) = pla)z
k

(a) Prove that f(x)+— f¥(x) is a ring homomorphism.
(b) Given an integer n > 0 let ¢ : Z[z] — (Z/nZ)[z] be the extension of the quotient
homomorphism Z — Z/nZ. Show that

ff(r)=0 <= n divides every coefficient of f(x).

(c) Gauss’ Lemma. A polynomial f(z) € Z[z] is called primitive when its coefficients
have no common prime factors. If f(x), g(z) € Z[x] are primitive, prove that f(z)g(z) €
Z[z] is also primitive. [Hint: Let p > 2 be a common prime factor of the coefficients
of f(x)g(x) and let ¢ : Z[x] — (Z/pZ)[z] be the map from part (b). Since Z/pZ is a
field, and since f?(x)g?(x) = ¢(f(z)g(x)) = 0 we must have f?(x) =0 or g¥(x) = 0.]

(a): Note that the two homomorphisms agree when restricted to the “constant polynomials”
R C Rlz] and S C S[x], hence we have ¢(0) = 0 and ¢(1) = 1. Furthermore, for any

f(z) = apz® and 3 bra® in R[x] then we have
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(b): Given an integer n > 0 we have a natural “quotient homomorphism” ¢ : Z — Z/nZ
defined by k — [k]. Recall that [k] = [0] if and only if k£ is a multiple of n. Let ¢ : Z[z] —
(Z/nZ)[z] be the extension to rings of polynomials. Then the kernel is

kerp = {f(z) € Zla] : f#(x) = 0}



= {Z apz® € Z]x] : Z[ak]xk = 0}
= {Z arz® € Z[z] : [ag] = [0] for all k}
{Z arz® € Z[z] : n|ay, for all k} .

(c): Let f(z),g(z) € Z[z] and assume that f(z)g(x) is not primitive. In this case we will
show that either f(x) or g(z) is not primitive. Since f(z)g(x) is not primitive, there exists
some prime p > 2 that divides every coefficient of f(x)g(z). In other words, the the ring
homomorphism ¢ : Z[z] — (Z/pZ)[x] satisfies (fg)?(x) = 0. Then since f¥(x)g?(z) =
(f9)?(z) = 0 and since (Z/pZ)[x] is a domainﬂ we conclude that f¥(z) =0 or g¥(x) = 0. In
the first case we see that p divides every coefficient of f(x), hence f(z) is not primitive, and
in the second case p divides every coefficient of g(x), hence g(x) is not primitive.

Remark: This is one of many related results that go by the name “Gauss’ Lemma”. It is
typically used to prove that polynomials f(z) € Z[x] that are irreducible over Z are also
irreducible over Q. Here is a sketch of the proof. Let f(z) € Z[z] and assume that f(z) is
reducible over Q. Let’s say f(z) = g(x)h(x) with g(z),h(x) € Q[z]. If m,n € N are the
least common multiples of the denominators of the coefficients of g(z) and h(zx), respectively,
then we have mnf(z) = ¢'(x)h/'(z) with ¢'(x) = mg(z) € Zlz] and h'(x) = nh(z) € Zx].
Furthermore, let ¢'(x) = m/¢”(x) and W' (x) = n'h"(z) with ¢"(z),h"(x) € Z[z] primitive, so
that mnf(z) = m/n’¢"(z)h"(z). But we know that f(z) = m/n’g”(x)h”(x)/mn has integer
coefficients. Since g”(x)h”(x) is primitive by part (c¢) this implies that m/n’/mn is an integer,
and hence f(z) is reducible over Z.

2. Equivalent Statements of the FTA. Consider the following statements:

1R) Every non-constant f(z) € R
2R) Every non-constant f(x) € R
(x)eC

( z] has a root in C.
(

(1C) Every non-constant f(z)

(

c

z] is a product degree 1 and 2 polynomials in R[z]
x] has a root in C.
z] is a product of degree 1 polynomials in Clx].

2C) Every non-constant f(z) € C
I claim that these four statements are equivalent. We will prove the more difficult implications.

(a) Prove that (1R) implies (2R). [Hint: Let x : C — C be complex conjugation and
let x : C[z] — CJz] be the extension as in Problem 1. For all a € C note that
f(a)* = f*(a*). But if f(z) has real coefficients then f*(x) = f(z). Use this to show
that the non-real roots of a real polynomial come in complex conjugate pairs.]

(b) Prove that (1R) implies (1C). [Hint: Given f(z) € Clz] we note that (ff*)* =
fX(f*) = f*f = ff*, and hence the polynomial f(x)f*(x) has real coefficients. As-
suming (1R) we know that ff* has a root a € C, i.e., f(«)f*(a) = 0. Use this to show
that f(z) has a root in C.]

(a): Suppose that (1R) is true, so every non-constant f(z) € R[x] has a root in C. In this
case we will show by induction that (2R) is true. So consider any non-constant f(z) € Rx].
If deg(f) = 1 of deg(f) = 2 then we are done. Otherwise, let & € C be any root of f(x),
which exists by (1R). If @ € R then we have f(z) = (z — a)g(x) with g(z) € R[z] and we
may assume by induction on degree that g(z) is a product of degree 1 and 2 real polynomials,

1pr is prime then Z/pZ is a field. In particular, it is a domain.



hence so is f(z). Otherwise we have a € C \ R. In this case we note that a* is also a root of
f(x) because f*(x) = f(z) and hence
fl@) = [ (@) = [f(a)]" = 0" =0.
Applying Descartes once gives f(z) = (z — a)g(z) for some g(x) € C[z]. Then substituting
x = o gives 0 = (a — a*)g(a*). Since a # o* (because « is not real) this implies that
g(a®) = 0. Then applying Descartes again gives g(z) = (z — a*)h(z) for some h(x) € Clz].
Putting this together gives
f(@) = (x —a)(z — a")h(z)
= [2* — (a + a")z + (aa”)]h(z), = q(x)h(z),

where the polynomial ¢(z) has real coefficients because a4+ a* and aa™ are always real. Since
f(z) and ¢(x) have real coefficients it follows from the uniqueness of quotients in the ring C|x]

that h(x) has real coefficients. Finally, we may assume by induction that h(x) is a product of
degree 1 and 2 real polynomials. Hence so is f(x).

(b): Suppose that (1R) is true, so every non-constant f(z) € R[z]| has a root in C. To prove
that (1C) we must show that every non-constant f(x) € C[z] has a root in C. So consider
any non-constant f(z) € C[z]. Define the polynomial g(z) = f(z)f*(z). From Problem 1 we
have (ff*)* = f*f** = f*f = ff*, which says that g(z) has real coefficients. From (1R) there
exists a € C with g(a) = 0. Then since
0=g(a) = f(a)f*(e)
we must have f(a) =0 or f*(«). If f(a) =0 then we are done. And if f*(a) = 0 then
f@) = [ ()" =0" =0,
so we are still done.
3. Freshman’s Binomial Theorem. Let p > 2 be prime and let R be any ring of charac-
teristic p. For any elements a,b € R, prove that
(a+b)P =a? +bP.

[Hint: For any a € R and n € Z recall that we have an element n-a € R defined by induction.
If R has characteristic p then p-a = 0 for any a € R. For any a,b € R, the usual binomial
theorem for integers tells us that

(a+b)P =al + Pyoap=tp o (0 ) aprt 4pr,
1 p—1

Your job is to show that the integer (}) is divisible by p whenever 1 <k <p—1]

Let k,p € Z with p > 2 prime and 1 <k <p—1. LetN:(ﬁ)EN,sothat
pp—1)---2-1=N-k(k—=1)---2-1-(p—k)(p—k—1)---2-1.

Since p divides the left hand side it also divides the right side, hence by Euclid’s lemma it
divides some factor on the right hand side. But every factor on the right hand side other than
N is smaller than p, hence p must divide N. In other words, we can write N = pN’ for some
N’ e N. If ¢ € R is any element of a ring of characteristic p it follows that

(1) -c= ) -e= 3G = 00,



Finally, if a,b € R are any two elements in a ring of characteristic p then we have

(a+b)p:ap+<]1?>-aplb+~-+< p1> -abP~t 4 bP
p—
=a’+0+---+0+0b"
=aP 4+ V.

4. Eisenstein’s Criterion. Let p > 2 be prime.

(a) Given a polynomial f(x) = ag+ -+ + apz™ € Zlz] with pla; for 0 <i<n—1,pta,
and p? 1 ag, prove that f(x) is irreducible over Z. [Hint: Suppose that f(z) = g(x)h(z)
with deg(g) = k > 1 and deg(h) = ¢ > 1. Consider the ring homomorphism ¢ : Z[z] —
(Z/pZ)[z] from 1(b), so that ¢g¥(x)h?(x) = f¥(x) = [an)z™ with [a,] # [0]. Since p
is prime this implies that g (z) = [b]z* and h?(x) = [c]z* for some [c], [d] # [0]. But
then the constant terms of g(z) and h(z) are divisible by p, so the constant term of
f(z) = g(x)h(x) is divisible by p?.]

(b) The p-th cyclotomic polynomial is ®,(z) =1 +x + -+ + 2P~ = (2P — 1)/(z — 1), so

O,(1+a) = Wf_l - <]19) + <g>x+--'+ <i)xp—1.

Use part (a) and the proof of Problem 3 to show that ®,(1 + x) is irreducible over Z.
Use this to conclude that ®,(x) is irreducible over Z.

(a): Let p > 2 be prime. Consider a polynomial f(x) = ag+-- -+ apaz™ € Z[z] with pl|a; for all
0<i<n-—1,pfa, and p*{ap. Assume for contradiction that we can write f(z) = g(x)h(z)
for some non-constant g(z),h(x) € Zlx]. Say deg(g) = k > 1 and deg(h) = ¢ > 1. Let
¢ : Z|x] — (Z/pZ)[z] be the ring homomorphism from Problem 1. By the assumptions on
f(z) we have
g% (@)h¥(x) = f#(x) = [ap]2" + [0)2" " + -~ + [0].

But note that (Z/pZ)[x] is a unique factorization domain because p is prime. This implies
that any divisor of [a,]z™ must have the form [b]z™ for some b, m € Z. In particular, we must
have g% (x) = [b]z* and h¥(z) = [c]z’ for some b, ¢ € Z not divisible by p. Since the constant
terms of g¥(x) and h¥(0) are [0], the constant terms of g(z) and h(x) are divisible by p. But
then the constant term of f(x) = g(x)h(x) is divisible by p?. Contradiction.

(b): Let ®,(z) be the pth cyclotomic polynomial and let f(z) = ®,(1 + =) € Z[z]. The hint

shows that
g p p “e e p p_2 p—l
f(x) (1>+<2)$—|— +<p—1)$ 4+ 2P

In Problem 3 we showed that (i) is divisible by p when 1 < k < p — 1. Furthermore,
since (Zl’) = p we have p? ¢ (’1’) Then since f(z) satisfies the hypotheses of Eisenstein’s
criterion we conclude that f(x) is irreducible over Z. Finally, suppose for contradiction that

O, (x) = g(z)h(x) for some g(z), h(x) € Z]x]. Then
f(@) = 2p(1 +2) = g(1 + 2)h(1 + 2) = ¢'(2)h'(x)
with ¢'(x), h'(z) € Z[z] which contradicts the fact that f(x) is irreducible over Z. Hence ®,(x)

is irreducible over Z.

Remark: By the remark after Problem 1 we conclude that ®,(x) is also irreducible over Q. It
is also true that the cyclotomic polynomial ®,(x) is irreducible over Q for non-prime n € N
but this is much more difficult to prove.



5. Fundamental Theorem of Symmetric Polynomials. For any field F, the symmetric
group S, acts on the set of polynomials F[z1,...,z,] by permuting the variables:

o f(@1, 5 20) = Ty, Ta(n))-
We say that f is a symmetric polynomial when o - f = f for all o € S,,.
(a) Let x = (x1,...,xy,). Then for any k = (k1,...,k,) € N” we define the notation

k ki, k2

— kn
X" =1y Ty

..:L‘n .

Every f(x) € F[x] has a unique expression f(x) = Y, nn axx* with ax € F for all
k € N™. Check that this notation satisfies x¥x¢ = x¥*¢ for all k, £ € N". It follows
from this (but you don’t need to prove it) that

(5 o) (50 - 3 (5 o

keN” £LeNn meN? \k+£=m
(b) We define the lezicographic order on N" as follows:
k <€ <« there exists j such that k; < ¢; and k; = ¢; for all ¢ < j.

One can check (don’t do this) that this defines a total order on N™ which satisfies the
well-ordering property and for all a,b,c € N” we have a < b = a+ c < b + c¢. Based
on this, we define the lexicographic degree function deg : F[x] — N" by

deg ( Z akxk) :=max{k € N" : qy # 0}.
lex
keNn
Use part (a) and the given properties to show that deg(fg) = deg(f) + deg(g) for all
nonzero polynomials f(x), g(x) € F[x].
(¢) The elementary symmetric polynomials e1(X), ..., ey(x) are defined by

(y—a1) - (y—zn) =y" —er(x)y" "+ ea(x)y" 2+ + (—1)"en(x).

One can check that each e;(x) is monic (i.e., has lex-leading coefficient 1) and has
deg(e;) = (1,...,1,0,...,0), with j ones followed by n — j zeroes. For any symmetric
polynomial f(x) € F[x], prove that we can find a (possibly non-symmetric) polynomial
g(x) € F[x] such that

f(X) = g(el(X)7 R en(x))'

[Hint: Use induction on lexicographic degree. Suppose that f(x) = cxX 4 lower terms.
Use the fact that f(x) is symmetric to show that kj > k9 > --- > k,,. Define

g(x) := cep(x)M17R2ep(x)2ha e (x)kn-17Rn e, (x)Rn

and use (b) to check that g(x) = cx¥ + lower terms. Then since deg(f — g) < deg(f)
we may assume that f(x) — g(x) = h(e1(x),...,en(x)) for some h(x) € F[x].]

(d) Let f(z) € F[z] be a polynomial in one variable and let E D IF be a splitting field for
f(x) over F. That is, suppose that there exist a1, ..., a, € E such that

f(@) = (2 —a1)---(z - an).

For any multivariable polynomial F(x1,...,x,) € Flz1,...,z,] we have the evaluation
F(aq,...,ap) € E. If F is symmetric, use part (c) to show that F(aq,...,ap) € F.



(a): This is easy:

= xK*t,
(b): Let us write f(x) = > cnn akX™ and g(x) = > ,cnn bex, with deg(f) = d € N* and
deg(g) = e € N". By definition, this means that

e aq # 0 and ayx = 0 for all k > d,
e by # 0 and by =0 for all £ > e.

The product is given by f(x)g(x) = > cnn cmX™, with coefficients
Cm = Z axbe € F.
k-+£=m

Our goal is to show that deg(fg) = d + e. In other words, we want to show that cqie 7# 0
and that m > d + e implies ¢y, = 0.

For the first condition, we observe that

Cd4e = Z axbe € F.
k+£=d+e
Since ag # 0 and be # 0, the summand agbe is nonzero. But I claim that every other summand
is zero. Indeed, suppose that k + £ = d 4+ e with k # d or £ # e, which implies that k # d
and £ # e. If k > d then by definition of deg(f) we have ax = 0, hence the summand axby is
zero. And if k < d then from (b) we must have £ > e because

k<d
k+f<d+¢ add £ to both sides
d+e<d+ ¥ because k +€=d + e
e </ add —d to both sides

In this case we have by = 0, hence the summand ayby is still zero. Since all but one summand
in cqye is zero and the last is nonzero, we conclude that cqie # 0 as desired.

For the second condition we want to show that m > d 4 e implies ¢y, = 0. In this case, every
summand in ¢y, has the form ayby for some k, £ with k + £ =m > d + e. We will be done if
we can show that k + £ > d + e implies k > d or £ > e since this implies that at least one
of ax and by is zero, hence axby = 0. In this case every summand ayxby of ¢y is zero, hence
cm = 0. It is equivalent to prove the contrapositive statement: that k < d and £ < e imply
k+ £ < d+e. Solet us suppose that k < d and £ < e. In this case, (b) implies that

kK < d 1 L < e
k+f < d+¢ an d+¢ < d+e [’

and then since k + € <d+ £ <d + e we conclude that k + £ < d + e.

Remark: This is exactly the same proof you would use to rigorously prove the identity
deg(fg) = deg(f) + deg(g) for polynomials in one variable. It’s just that no one ever bothers
to write that proof down.

(c): If f(x) has degree 0 then f(x) = ¢ for some constant ¢ € F and we can write f(x) =
g(e1(x),...,en(x)) with g(x) = ¢. Now let f(x) be symmetric with deg(f) = k > 0 and



assume for induction that all symmetric polynomials of smaller lexicographic degree satisfy
the desired property. By assumption we have

f(x) = cm’fle? .- 2k 4 Jower terms.

I claim that k1 > ko > --- > ky,. To prove this, suppose for contradiction that k; < k;+1 and
let k' = o(k) where o is the permutation that swaps the ith and jth coordinates. Note that
k' > k in lexicographic order. Since f(x) is symmetric, the coefficients of x¥ and x¥ in f(x)
must be equal; in particular, both coefficients are non-zero. But then f(x) contains the term
ex®', where k' > k. This contradicts the assumption that k is the highest exponent in f(x).

Thus we may consider the (symmetric) polynomial
g(x) := cep(x)M17R2ep(x)k2ha e, (x)kn-17Rn e, (x)Rn
According to part (b) this polynomial is monic and satisfies
deg(g) = (k1 — k2) deg(er) + (k2 — k3) deg(ez) + - - - + ky deg(en)
= (k1 — k2)(1,0,...,0)
+ (kZ - k3)(171>0 70)

+kn(1,1,...,1)
= (k1,ko, ..., kn)
= k.
Since f(x) and g(x) are symmetric polynomials with the same leading term it follows that

f(x) — g(x) is a symmetric polynomial of strictly smaller degree, hence by induction there
exists a (possibly non-symmetric) polynomial h(x) satisfying

f(x) = g(x) = hler(x), . .., en(x)).
Finally, we have
f(x) = g(x) + hle1(x),... en(x)) = ¢'(e1(x), ..., en(x)),

where
g'(x) = cafr—heghe=hks ka4 p(x),

(d): Let f(x) =ag+ a1z + -+ apa™ with agp,...,a, € F and let E DO F be a field containing
elements ag,...,a, € E such that

f(@) = (r—a1)---(z = an).

Expanding the right hand side and comparing coefficients shows that ay, = (—1)*ex(ar, ..., an),
which shows that egx(ai,...,a,) € F for all k. More generally, let F(x) be any symmetric
polynomial in n coordinates. By part (c) we can write

F(x) = g(e1(x), ea(x),...,en(x))

for some polynomial g(x) with coefficients in F. Then substituting xj = oy, gives

F(ag,...,an) =gler(ar,...,an),...,en(a1,...,a,)) €F.



Remark: This theorem is extremely oldE| but a rigorous proof is almost never written down.
Most authors just mention that it’s “well-known”. The first rigorous proof, using lexicographic
degree, was given by Gauss as part of his second proof of the Fundamental Theorem of Algebra.
The computational theory of multivariable polynomials was studied more rigorously after the
invention of computers. The foundations were laid by Bruno Buchberger in his 1965 thesis.

2Apart from Descartes’ theorem on long division of polynomials it is the oldest theorem in this class. It is
sometimes attributed to Newton.



